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Summary. — Frequency and attenuation of standing waves have been 
measured in polycrystalline copper in the frequency range between 1.8 kHz 
and 6.5 MHz as a function of temperature from 60°K to 300 °K. 
Owing to the wide frequency range, the activation energy W and the 
limiting frequency , associated with the attenuation peak due to dislo- 
eations have been evaluated with considerable accuracy. The values 
obtained (W=0.122 eV (molecule), @,= 23.9: 10% s!) agree satisfac- 
torily with those computed according to the theories given by SEEGER, 
Dont and Prarr. The shape of the attenuation vs. temperature curves 
shows that the spectrum of relaxation frequencies is a bell-shaped line 
with its maximum at w=, ; each frequency of the spectrum is asso- 
ciated with the value of W given above. The height of the attenuation 
peaks has been compared with the total relaxation exhibited by the 
frequency vs. temperature curves. Below 100kHz the results agree 
with the theory of relaxation effects with a continuous spectrum. At 
higher frequencies the polycrystalline structure gives rise to an attenuation 
larger than the values that could be expected from the frequency relax- 
ation measurements. The effects of heat treatments have also been 
investigated, showing that the attenuation and the frequency relaxation 
are both reduced by treatments whose temperature does not exceed 
500 °K, whilst w, is slightly increased. Treatments at higher tempera- 
tures give rise to comparatively large changes in attenuation and fre- 
quency, which do not seem directly related to the pre-existing dislocations. 
These changes are reversible and can be cancelled by a suitable amount 
of cold work. 
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1. — Introduction. 


Much interest has been shown recently in the low temperature relaxation 
effect due to dislocations which was first reported by one of us, some years 
ago, and which has proved a very sensitive test for the study of the proper- 
ties of dislocations in metals. 

Measurements have been made on aluminum by HUTCHINSON, HUTTON 
and FrumMER, and by EINsPRUCH and TRUELL; the same effect was experi- 
mentally investigated on copper by NIBLETT and WILKS, by THomMPSsON and 
HoiMEs, by CASWELL and by PARE; measurements on lead, quartz and magne- 
sium were also made by some of the previous authors and by BOEMMEL, 
MASON and WARNER (?). 

The first attempt to give a model for the motion of dislocations, to which 
the effect is related, was made by MASON assuming that a dislocation line 
between two pinning points could be displaced from its potential well by 
thermal agitation, and that the small stress applied would make the potential 
well asymmetrical giving rise to a macroscopic anelastic strain, thus producing a 
relaxation effect. This model lays perhaps too much emphasis on the effect of 
the impurity content, and was discussed by WEERTMAN and by SEEGER. More 
recently it has been suggested by SEEGER that the dislocations are confined 
to certain crystallographic directions by the PErERLS stress, and may form 
pair of kinks under the combined action of thermal fluctuations and applied 
elastic stress. The same theory has been improved by SEEGER, DoNTH and 
PFAFF, who have shown that the relation between the relaxation frequency 
and the temperature does not require any special hypothesis, but may be 
derived from the theory of stochastic processes. 

Notwithstanding the large amount of experimental data and theoretical 
treatments which are presently available, some basic questions concerning 
the relaxation effect due to dislocations are still unanswered. From the first 
measurements it was evident that the position of the attenuation maximum 
on the temperature scale was a function of the frequency of vibration. Later 
measurements confirmed this result, without giving any satisfactory infor- 
mation on the relation between frequency and temperature, as they were made 
on materials with a different impurity content, or they covered a very narrow 
frequency range. In fact, the attempts which have been made to relate the 
temperature of maximum damping with the vibration frequency by means 
of an exponential function, have given rather scattered values for the funda- 
mental parameters. 


(1) For a bibliography see: P. G. Borpont: Proc. I.C.A. Congress, 101 (1956); 
P. G. Borpont and M. Nuovo: Effect of crystal dislocations upon vibrations (Contri- 
bution to the Palais de la Science of the Exp. Univ. Bruxelles). 
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It is also evident from all the measurements available that the attenuation 
peak is not due to a single relaxation frequency, but must be associated with 
a rather wide relaxation spectrum. However no attempt has been made to 
evaluate this spectrum, whose model is obviously of fundamental importance 
for any theory of the motion of dislocations. 

The present work was essentially undertaken in order to obtain more 
systematic information on the above basic features of the relaxation effect. 
In addition to them the effects of heat treatments have also been investigated 
together with the frequency dependence of the temperature of the small peak 
first noticed by NrBLeTr and WILKS. 

Measurements were made on polycrystalline copper; no special care was 
taken in order to obtain a very pure material, as previous investigations have 
proved that this is not a very essential requirement. However all the samples 
had the same impurity content and the same mechanical history. Moreover 
some recent improvements of the experimental technique made it possible 


“to investigate the effect on the same sample in a frequency range wider than 


three decades, eliminating in this way any accidental vause of error due to 
slight changes in the properties of the material. In addition to the attenuation 
measurements the frequency has been also determined and these data have 
proved quite essential for the interpretation of some results. 


2. — Experimental method. 


A resonance technique was used as in a previous investigation (7), two 
different apparatus being employed for the measurements in the acoustic or 
low ultrasonic range (1kHz+100kHz) and in the high ultrasonic range 
(100 kHz=10 MHz) respectively. 

In the first type of measurements the flexural vibrations of a circular plate 
free at its edge were excited and the resonant frequencies of its lowest modes 
were measured together with the resonant coefficient Q or the logarithmic 
decrement d. 

According to the theory of the elastic vibrations of a thin plate, the fre- 
quency f,,,, of the vibration mode with m nodal circles and n nodal diameters 
is related to the geometrical and elastic parameters by the formula (*) 


h eo 
a(t. 0") 


(1) iS Om.n a 

(2) P. G. Borponti: Journ. Acoust. Soc. Amer., 26, 495 (1954); Rie. Scient., 28, 
1193 (1953). 

(3) See for instance: LoRD RAYLEIGH: The Theory of Sound, 1, nn. 221, 218, 2nd ed. 
(London, 1937), ch.-x, pp. 359, 366; H. LAMB: The Dynamical Theory of Sound, 2nd ed. 
(London, 1925), ch. v, n. 56, pp. 154, 157; S. TimosHENKO: Vibration Problems wm 
Engineering, 3rd ed. (New York, 1928), ch. tv, n. 56, pp. 316, ili 
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where = thickness of the plate; a= radius; H = Young’s modulus; 0 = density; 


o = Poisson’s ratio; «, ,, = eigenvalues given by Table I. 


m,n 


Taste I. — Higenvalues «»» for the first flexural vibration modes of a circular free plate 
with m nodal circles and n nodal diameters. 


‘ 
m n= 0 n=1 == 2 | n=3 
0 — — 0.2412 0.5619 
i 0.4170 0.9428 1.619 2.431 
2 1.770 2.750 — = 


For the first two symmetrical modes (x = 0) the radii of the nodal circles 

are given by ; 
‘A 

Ts. 9 = 0.5920 

2 ro = 0: : : : 

) tee eae (ee — 0.8420 


By means of the equation (1) and of the values of H, 0, and o given’ by the 
literature, the size of a vibrating plate can be chosen in such a way that its re- 
sonances cover a given frequency range. The same equation could also be 
employed to compute the Young’s modulus from the measured values of f,, ,. 
However the value obtained in this way would be less accurate than the mo- 
dulus computed from measurements on extensional vibrations owing to the 
larger effect of finite thickness on flexural vibrations. It may also be observed 
that the frequencies of the modes of vibration have a more fundamental 
meaning than the macroscopic elastic moduli, according to the statistical theory 
of solids. For these reasons in the following the measured values of f,, ,, will 
be systematically considered in the place of Young’s modulus. 

As in any other type of vibrations the anelastic damping can be evaluated 
through the ratio of the energy AU dissipated in half a cycle to the total 
vibration energy U by means of the equation: 


7 


(3) = eg cee 


The driving force was supplied by the electrostatic pressure between the 
plate and a small electrode facing one of its bases; the same electrode, connected 
to a high frequency resonant circuit, was employed to mesure the amplitude 
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of the vibrations. A detailed description of the apparatus will be found in pre- 
vious papers (*). ed 

In order to avoid any appreciable change of resonant trequency and 
damping due to external causes, the vibrating plate was supported by three 
needle points located in small holes on a nodal circle (Fig. 1). Additional damp- 
ing due to air was also avoided by keeping the 
vibrating plate into an evacuated container; the 
pressure inside the container could be reduced to 
less than 10-? mm Hg. 

The distance between the electrode and the plate 
was controlled by turning through a vacuum seal a 
thin rod fastened to the latter. The same rod, insu- 
lated from the metallic container, was also em- 
ployed as an electrical connection. 

In the second type of measurements the speci- 


were longitudinal instead of flexural. The resonant 
frequency f, of the longitudinal mode having two 
antinodal planes on the bases of the plate and p 
nodal planes between them, is given by the very 
simple equation 


Th Fig. 1. — Vibrating plate 
(4) f,= a y/? < Gate : P in its lowest symme- 
2p! Q trical mode (m1, n=0) 


supported by three needle 
points N on the nodal 


where 7 = elastic nts of oy i : 
ere 2, w= elastic constants of Lamé aiinls. Oh TRAN el 


Recent measurements have shown that (4) is 
very accurate provided d is not too small (‘). The 
anelastic damping can be evaluated by means of the equation (3), as for 
flexural vibrations. 

The driving force was supplied by the electrostatic pressure between the 
plate and a small electrode insulated from one of its bases by a thin sheet 
of mica. A second electrode is insulated in the same way from the other basis 
and is connected to a tuned capacitive detector (°) to measure the amplitude 
of vibrations (Fig. 2). 


(4) P. G. Borpont: Nuovo Oimento, 4, 177 (1947); Ric. Scient., 18, 103 (1948); 
P. G. Borponi and M. Nuovo: Acustica, 4, 184 (1954); Rie. Scient., 24, 560 (1954); 
Acustica, 7, 1 (1957); Ric. Scient., 27, 695 (1957). 

(®) See the last two papers quoted in footnote (*). 

(6) P. G. Borpont and M. Nuovo: Acustica, 8, 351 (1958). 
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The vibrating plate is clamped by a broken flat ring in the middle plane 
between its bases. This type of clamping seems to have no appreciable effect 
upon vibrations as the damping at room temperature has almost the same 
value for the modes corresponding to odd 
values of p, when the middle plane is a nodal 
plane, and for the modes corresponding to 
even values of p, when the same plane is an 
antinodal one. This is possibly due to the 
fact that the driving electrode has a smaller 
diameter than the plate; thus the vibration 
amplitude at the edge of the plate is much 
smaller than at its center. 

The mechanical contact between the elec- 
trodes and the vibrating system is always 
very poor owing to the small currugations 
of the insulating layer of mica, as it has 
been shown in previous papers (’). Therefore 
the perturbations due to the electrodes upon 
the values of f, and Q are negligible when 
the vibrating system is very stiff, as it is 
Pig: 2: 2) Vibehnnes platen the case with a plate vibrating in its longi- 
longitudinal (thickness) modes. tudinal modes. In fact no changes have 
FE, driving electrode; H, measu- been found in resonance or damping when 
ring electrode; M insulating layer — the pressure of the electrodes upon the plate 
of mica; R clamping ring, broken was altered. 

at b, b. : 

The resonant frequencies were measu- 
red in the range from 1kHz to 100 kHz 
by means of a quartz-controlled cycle counter, with an accuracy of 10-*(--0.5) Hz. 
From 100 kHz to 10MHz the frequency was compared with a known mul- 
tiple of a standard frequency supplied by a quartz oscillator. The difference 
between the two frequencies was given by a direct-reading frequency meter, 
whose calibration was checked immediately before every measurement. In this 
way the accuracy obtained was of the same order as in the lower frequency range. 

The anelastic damping was evaluated either through the bandwidth of 
the resonance curve measured by Q, or through the logarithmic decrement d 
for free vibrations. In some cases, when it was possible to employ both me- 
thods, the values obtained were checked by means of equation (3) and a satis- 
factory agreement was found. 

To measure the temperature of the plate without perturbing its flexural 
vibrations, two of the needle points of Fig. 1 were respectively made of iron 


(7) See the second. and third paper quoted in footnote (*). 
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and constantan, employing the plate itself as thermocouple joint. The 
e.m.f. was measured by a sensitive potentiometer and this was found to be 
the most satisfactory way to avoid systematic 
differences between the measurements made 
when the plate is cooling or heating. 

The same broken thermocouple 7, was also 
employed with the apparatus for longitudinal 
vibrations; in this case the iron and constantan 
wires were placed in two small holes near the 
plate edge. 

The evacuated container was placed in a 
cryostat, which could be gradually cooled by 
boiling small amounts of liquid nitrogen; (Fig. 3). _ 
To allow the plate to reach the cryostat tem- 
perature, the pressure inside the container was 
kept between 100mm Hg and 500mm Hg. 
The temperature changes could however be stop- 
ped by reducing the pressure below 10-? mm Hg, 
and the measurements were made in a thermal Fig. 3. — Apparatus for low 
equilibrium condition. A second thermocouple temperature measurements. 
T, and a copper resistance thermometer 0 were ——-D’ cryostat; 7, plate thermo- 


A x —Y ; , 4 _ 

employed to measure the temperature inside couple; 1, cryostat thermo 

couple; S, tube for the evacua- 
the eryostat. 


ee ae ; tion of the container; R con- 
When the boiling point of nitrogen was trol rod for electrode spac- 


reached and the cryostat was almost filled with ing and electrical connections; 

liquid, the vapor pressure was reduced by means S, tube for the evacuation of 

of a rotary pump, and further cooling was ob- the cryostat; J air-tight joint; 
: ; ‘ ig O resistance thermometer; 

tained until what remained of the liquid was ¥ liquid nitrogen ; O container. 

completely frozen. During the last process the : 

e.m.f. of the thermocouple 7, and the resi- 

stance of the thermometer 0 were recorded as a function of time (Fig. 4). 

The region where they don’t change with time corresponds to the melting 
point of pure nitrogen. Owing to the presence of oxygen dissolved from the 
atmosphere, somewhat lower temperatures can be reached, their values being 
measured by comparison with the resistance thermometer. 

Measurements were also made when the plate was heating inside the 
eryostat, the process of melting and boiling the oxygen-nitrogen mixture 
being suitably accelerated by pumping small amounts of warm air inside the 
cryostat. The rate of temperature change of the plate was controlled as 
before by means of the pressure inside the container. 

The boiling points of oxygen and nitrogen and the melting point of the 
latter have been employed to calibrate the resistance thermometer and the 
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Fig. 4. — Boiling of nitrogen under re- 

duced pressure. Abscissae:. time. Ordi- 

nates: electromotive force of the ther- : 

mocouple 7’, (left) and resistance of 
the thermometer O (right). 
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thermocouples. Fig. 5 shows that the 
measured values of resistance are on 
the same straight line with the points 
computed from the resistivity data 
given by literature (*) and from the 
room temperature value of resistance. 
This proves that the boiling point of 
nitrogen and the temperature at which 
solidification begins are not affected 
by the presence of a small amount of 
dissolved oxygen. No difference has 
been found between the e.m.f. of the 
thermocouples 7, and 7, when the 
lower part of the container is removed, 
and they are immersed in the same 
bath. The experimental points are very 
near to the literature data (°), the diffe- 


rence being probably due to the chemical composition of constantan. When the 
literature values are altered by a constant factor of 0.9955 they fit perfectly 
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Fig. 5. — Low temperature calibration of the resistance thermometer and of the thermo- 


couples. o: 


90 100 


experimental points; +: literature data (altered by a factor 0.9955 for 


the thermocouples). 


(°) C. Hopeman: Handb. of Chem. and Phys., 30th ed. (Cleveland, 1948), p. 1954. 


(®) See the paper quoted in footnote (8), p. 1979. 
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with the experimental points as is shown by Fig. 5. The e.m.f. com- 
puted in this way were therefore taken as calibration values for the 
thermocouples. 


8. — Results. 


Measurements have been made on a group of six circular plates and a rec- 
tangular rod, machined out of the same sheet of electrolytic copper con- 
taining 0.12%, lead with traces of iron and zine (¥). The main characteristics 
of the samples are listed in Table II together with the mechanical and heat 
treatments that they have undergone after machining. All the annealing treat- 
ments were made in vacuum, with the exception of the treatments of plate 
n. 4 at 411 °K which were made in air. 


: Er I es 
is Be icity 

a4 ‘ v ; ahs 3 fas 
IBS eb a fi ee m3 i 


v4 < Se . “f mea é E 
Cee en : RAS 
ee Seta Ms 


«OW So Narr ery | 


a) 


Fig. 6. — Grain structure of the samples after machining (x 150): a) parallel to the 
sheet plane; b) normal to the sheet plane. 


The grain structure of the samples after machining is shown in Fig. 6. 
Owing to the cross rolling which the material has undergone after casting 
to be flattened into a sheet, the average grain size changes with direction. 
Parallel to the sheet plane it is about 6-10-? mm, whilst in a normal direction 
it may be estimated to one half of the above value. 

The resonant frequency and damping have been measured as a function 
of temperature between 60 °K and 300 °K for different vibration modes of 
the rod n. 1 and of the plates n. 1b, 2, 4, 5 after machining. The data obtained 
cover the whole frequency range between 1.8 kHz and 6.5 MHz as it is shown 
by Table ITI. 


(°) The authors wish to thank Prof. M. BaccarEppa, Director of the Laboratory 
of Industrial Chemistry of the University of Pisa, where the analysis was made. 
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Tasie Il. — Main characteristics of the samples. 
Mechanical and Size Vibration mode Fre- 
_ heat pes : quency Qa 
3 | ; ; F =flexural (kHz) 
Sample | -Temper-| Diam- | Thick- |Z=longitudinal 
| | Time | ature | eter ness it~ nodal diameter ; 
| ° /=nod i ) 
(h) | (°K) (mm) (mm) cai epe ae at 293 °K 
| eee 2 | 
ee a = 46.92 4.15 | F,m=1,n=0 13.218.) 38:10 
Plate la vis — | 4692 | 4.75 |F,m=1,n=2| 48.090 He 
| [Nee 2 SEG 4.75 |F,m=1,n=0| 21.698 | 37 
Plate 1b 4) — = i360 4.75 F,m=1,n=1}| 48.834 50 
| || 100") 873 | 36.10 4.75 |F,m=1,n=0| 22.350 | 160 
| —-\ | 36.35 2.67 |B, m=1, m0 4, 12,00bnuiaaG 
58 00'| 419 |) 36.35 2.67 | F, m=1, n=0 —= = 
| an 30’ 449 36.35 2.67 |F,m=1,n=0| 12.998] 21 
‘Plate2 | 6200'| 516 36.35 2.67, | Ff, m=1,.1=0) 13.2505) se6 
| cold worked 36.35 2.63: | F,m=1, »=0 12.892 26 
02 30'| 582 36.35 2.63. | F, m=1, 0=0 | . 12.978, |— ie 
| 12 00'| 873 36.35 2.63 | F, m=1, n=0 —! |) 
| = ~ 36.05 | 2.62 |F,m=1,n=0| 12.820] 36 
[Plate3 | 2800'| 498 36.05 2.62 |F,m=1,n=0| 12.860] 18 
| 2h 00'| 515 36.05 2.62 |F,m=1,n=0|- 12.950.) 50 
a 36.20 2.60 | F,m=1,n=0]|. 12.700| 45 
| 16200’ 411 36.20 2.60 | #F, m=1, n=0 12.762 | Sle 
Plate4 | 3500’) 411 36.20 2.60 | F,m=1,n=0| 12.764| 16 
cold worked 36.20 260 | F,m=1,2=0 12-7625) ee 
5h 00'| 483 36.20 2.60 |, m=1,n=0| 12.800] 165 
= = 36.00 4.40 | F, m=0, n=2 14.4 a 
= _ 36.00 4.40 | L, p=1 536.7 74 
FT il: a6 36.00 4.40 |L, p=2 1067.2 68 
bast Gt IEE Eh ae, 38,00 vili 640m (i ee 2658.8 66 
_ = 36.00 440 | L, p=10 5314.5 146 
= = 36.00 440° | L, p=12 6370.2 184 
me ae 36.05 | 4.97 |F,m=1,n=0|- 23.947] 38 
J Oe 36.05 4.97 |L, p=4 1878.2 70 
Pinte gis oe meee 36.05 4.97 | F,m=1,n=0| 24.000 22 
ate 8()' gnoo'| 495 | 36.05 | 4.97 |, p=4 1880.1 54 
14 00’| 873 36.05 4.97 |F,m=1,n=0| 24.592 | 161 
1» 00'| 873 36.05 4.97 | L, p=4 1910.4 148 
Rod 1 a on 49.95-9.95:1.21 | F, 1=2 1Si lees 


(*) With ring. 
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TaBLe III. — Frequency and damping as a function of temperature, after machining. 
Rod n. 1 Plate n. 4 Plate n. 2 
By l=2 F,.m=1, »=0 | F,m=1, n=0 
cm fan) & | ex any | 2 | ew ay 8 

Goo eleooe io LOs” a7 LO) 13.220 S502 lee | 63.5 13.524 245: 10-° 
67.0 .889 337 74.0 .206 378 65.5 517 260 
69.0 .885 368 74.5 200 380 69.0 500 | 296 
71.0 .883 368 76.0 .190 415 | 71.5 — 326 
72.0 881 368 78.5 .180 423 | 74.7 — 357 
76.0 879 337 80.6 = 450 78.0 Add | 372 
79.0 878 | 291 81.5 174 = 81.5 420 | 401 
82.0 .876 216 83.2 — 456 84.0 410 . 395 
83.0 875 | 205 84.0 | .150 455 . 86.5 404 | 388 
| 88.0 .873 120 86.0 .140 445 90.0 390 359 
103.5 867 58 89.5 .130 405 92.5 380 314 
117.0 863 48 97.0 .090 334 i 97.0 360 285 
138.0 .856 43 110.0 .076 150 100.6 344, | 240 
211.0 838 58 153.5 | 12.980 45.5 — 106.5 330 188 
290.0 .812 58 297.0 .692 45.5 | 113.5 310 120 
121.5 290 78 
| 129.5 | .274 | 58 
291.5 | 12.960 | 36 
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TABLE III (continued). 


Plate un, 1b ’ Plate n. 5 
BB mt, nee ee ee Lot 
et pT a en ere ee 
LCR) | Oca) | @ | OR) ieee ey ee 
74.0 | 22.544 | 346-10-°| 62.5 | 45.844 | 207-10-5 | 60.5 | 555.08 | 115-10-5 
76.7 | 524 | 373 64.0 826 | 223 62.0 | 4.88 | 114 
| 80.0) .496 | 417 66.5 | .796 | 250 64.5 | 4.64 | 128 
83.0 470 | 435 | 69.0 | 762 | 280 70.5 | 4.20 | 142 
87.2 | 435 | 410 71.5 730 307 72.0 | 4.00 | 160 
94.5 | .398 | 366 75.0 | .632 | 376 74.0 | 4.00 | 177 
98.5 304 | 81.5 546 | 457 77.0 | 3.66 | 188 
106.0 332 | 205 93.5) 526 | 457 81.0 | 3.00 | 217 
111.0 | .312 | 162 | 35.5 | 4.88 | 497 86.0 | 2.64 | 246 
| 121.0 217 | 99 87.5 464 | 500 93.0 1.90 | 290 
143.5 200 | 50 96.5 4.00 462 | 95.0 | 1.70 | 293 
| 175.5 100 | 31 99.0 | 268 406 97.0 | 1.50 | 298 
209.5 | 21.986 | 31 | 118.5 | —.080 | 178 99.0 | 1.20 | 304 
293.0] .698 | 37 130.0 | 44.916 98 103.0 | 0.86 | 298 
159.0 790 | 54 109.5 | 550.00 | 294 
198.5 518 | 49 113.5%) uc curee 
293 | 43.834 | 50 118-02) | ==" ¥elazee 
| 120.01) ei oas 
| 126.0 | 548.20 | 236 
| 128.5 | 7.60 | 217 
| 139.0 | 6.76 | 152 
145.0 | 6.60 | 132 
149.0 | 6.40 | 117 
159.5 6.00 | 98 
| 185.0 -- 62 
| 200.0 | 3.58 | 57 
273.0 | 536.54 | 74 
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Pate Dew Ss y 
L, p=2 Pega o. fuera Ae | 
°K) allt A ae me | sctte) a | CK) ee ae 
aa 

| 63.5 | 1095.0 | 91-10-*| 168.0) — | 98-10 77.0 | 2727.00 | 148.0-10- 
68.5 4.40, 102 173.09 os hy ad 88.5 | 2722.80, 202 
73.5 3.80 119 195.0 1078.26 | 78 94.5 0.40 221 
17.0| 3.60 132 208.0  6.60| 78 | 99.0 2718.80 236 
79.0 3.20, 142 231.0 4.36) 75 | 104.0} 7.40| 248 
81.0 2.90 154 243.5 3.00] 75 106.5 6.00 257 

| 81.5 2.60. 159 257.0 1.24] 71 110.0 4.30) 270 

87.0 1.80 190 273.0 1069.30 | 60 116.6 1.60) 274 
90.5 1.64 | 214 296.0 1066.88 | 68 119.0 0.60 285 
95.0 0.80 225 | 123.5 | 2709.20 281 
98.0! 0.40, 243 | 128.0 | 8.00 268 
100.5 | 1090.00 , 260 132 6.00 258 
108.5 1088.72 287 134.5 | 5.20) 252 
110.0} 8.56) 285 | 137.0! 4.00) 244 
112.0 8.28 289 b 140.0 3.00. 237 
1150) 7.72 | 282 | 143.0 | 2.60 222 
1G Oa 7-50 | 277 146.0} 1.2 | 207 
LISy) 7.10 | 267 148.0 0.6 | 207 
121.0 6.88 260 | 152.0 2699.60 \\198 
123.5 6.60 255 | 163.5 6.00 173 
126.0 6.14240 | 195.0 | 2686.80 110 
129.0 | 5.80 | 225 | 210.5 2682.52. 84 
131.0 5.60 208 273.0 2664.30 63 
136.5 4.90. 184 | 296.0 | 2658.00 66 
141.0} 4.26, 180 | | 
151.0 3.00. 136 | 

z 

a 
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Plate mm. 5 
i pete are ee Eip=e 
CK) adits) Dice CK) ne o> CK) cde) a 
77.0 | 5447.20 | 191-10 | 66.5 | 6542.40 | 202-10 | 186.5 | 6488.00 | 240-10-5 
98.0 |5434.60 | 268 60.1 = orn 195.0 | 5440.80 | 229 
101.0 2.60 | 273 71.5.) —eeaans 212.0 | 6430.00 207 
104.0 | 0.60 | 284 76.5 | 6536.80 | 212 214.0 | 6428.00 | 210 
105.5 | hs NY Cee) een ET i 227.0 | 6422.00 | 202 
107.5 | 5428.00 | 303 82.5 | 6532.00 | 226 237.09) sels 10% 
112.0 | 4.00} 317 88.0 <=, | 237 247.0 | 6408.00 | 197 
117.5 1.60 | 336 92.0 | 6523.20 | 244 288.0'))) 2») | 198 
121.0 | 5419.00 340 104.5 ue. aalligex 273.0 | 6387.00 | 203 
127.0 5.20 | 354 108.0 | — | 277 296.0 | — | Esa 
181.0 | se! 3,004)-320 (a e@d-409.00 = roe el 
| 132.0 | 5409.60 | 344 114.0 | 6508.00 | 294 | 
| 136.5 6.80 | 322 117.0 3.00 | 298 
146.0 5400.00 312 123.0 | 6498.00 | 308 
149.0 5398.00 | 305 | 128.0 = 316 | 
152.5 | 6.00 | 297 130.00 oe ast 
157.5 3.20 | 290 132.0| — | 316 
164.5 ior ip 271 135.0 | 6490.00 | 310 
175.0 | 2.00 | 234 [20.60 ey vieos 
193.0 | 5376.00 | 208 141.0 | 6481.00 | 306 
195.0 | 5370.00 | 184 1450 | == *9ieo4 
212.0 5360.80 | 156 148:04) 231304 
273.0 5325.80 | 139 153.0 | 6474.00 | 285 
290.0 | 5316.00 | 146 163.0 | 6466.00 | 266 
169.0| — | 263 
| 173.5 | 6458.00 | 254 
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Pls teem... 6 
Hn —l, =O ti, p=4 
T f ES T i 2 
(°K) (kHz) Q (°K) (kHz) Q 
64.0 24.970 201-10-5 62.5 1928.5 93.5-10-8 
64.5 .966 209 63.5 28:0°° ||. 106 
66.0 954 232 65.2 O74 ").| 109 | 
68.5 .930 260 66.7 27.0 112 | 
69.6 920 285 76.0 25.2 130 
72.5 902 313 nes 24.6 140 
76.0 866 366 84.5 23.4 183 
79.5 .840 379 | 89.2 om | 198 | 
82.0 822 379 | 91.5 22.0 218 | 
84.0 .800 379 94.0 D102" |) 933 . 
89.7 .758 366 97.5 20.2 | 260 
96.2 .708 304 98.0 19.6 250 
104.5 653 224 99.5 19.8 .| 260 | 
112.5 618 146 103.0 185 5) > 267 | 
123.5 TA 73 106.5 18.0. | +286 
144.3 501 40 108.0 17.2 267 
154.5 462 37 116.0 14.8 302 | 
166.2 A18 32.8 123.5 13.0 256 | 
173.0 .388 32.8 132.0 10.0 230 
181.3 363 33 144.0 07.6 189 | 
191.5 328 33 155.0 OFA | 14% | 
199.5 298 33 158.0 05.0 17 
207.5 265 Shits 163.0 04.0 123 
216.5 232 33 | 168.5 02.8 116 
223.7 .206 25 | 179.0 00.4 105 
229.7 182 28 188.0 1899.2 100 
235.7 .160 33 194.5 98.0 94.0 
240.5 142 37.5 201.0 96.4 94.2 
249.7 105 33 207.5 95.4 76.0 
257.2 .080 34.5 216.0 93.8 79.6 
263.0 .060 28.5 231.5 90.8 70.0 
269.0 .034 33 237.0 89.6 70.0 
Diba .008 33 243.0 88.4 70.0 
278.0 .002 33 245.0 88.0 69.5 
281.0 23.994 33 293.8 78.0 69.5 
282.5 .988 33 294.5 V4 69.5 
283.7 .982 33 
285.7 977 33 
293.2 951 37.5 
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All the damping vs. temperature curves exhibit a peak whose temperature 
increases with frequency from 72.0°K for the rod vibrating at 1.882 kHz, 
up to 130°K for the plate vibrating at 6.492 MHz (Fig. 7). When the 


500 (10 ae, - 


aT 
E 


FLEXURAL VIBRATIONS 
(ROD) 


400 


FLEXURAL VIBRATIONS 
(PLATE) 


500 - 10° 
LONGITUDINAL VIBRATIONS 
100 (PLATE ) 
| a | ri 
300 
200|— 
100 [exe 
0 50 100 150 200 250 
TEMPERATURE (°K ) 
Fig. 7. — Damping as a function of temperature for different frequencies after ma- 


chining. A) rod n. 1 (#, l=2); B) plate n. 2 (fF, m=1, n=0); C) plate n. 1b (F', m=1, 
m=1); D) plate n. 5 (L,p=1); #) plate n. 5 (L, p=5); F) plate n. 5 (L, p=12): 


frequency is raised the peak becomes broader; its height shows a general 
tendency to decrease with increasing frequency while the opposite tendency 
is exhibited by the value of damping at room temperature. 
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In a single case it was possible to extend the measurements down to the 
boiling point of Helium (") (Fig. 8). In addition to the main peak, a « bump » 
was found on the low-temperature side of the damping curve, a little below 
40 °K. This bump is very similar to that noticed by CASWELL (1?) in a much 


+ 


15.000 


14900 


FREQUENCY 


14.800 


| 14.600 
120 160 


40 80 
TEMPERATURE (°K) 


Fig. 8. - Damping and frequency as a function of temperature down to the boiling 
point of He. Plate n. 5 after machining (fF, m=0, n=2). 


purer material (99.992 % Cu) for a vibration frequency of 40 kHz, and seems. 
to be due to the same cause as the sharper peak first observed by NIBLETT 
and WILks (1) in high purity oxygen-free copper (99.999 % Cu) at about 
32 °K, for a vibration frequency of 1.1 kHz. 


(41) The Authors express their gratitude to the Division of Pure Physics of the 
National Research Council of Canada for its kind cooperation in the measurements 
at low temperatures, and in the analysis of the grain structure reproduced in Fig. 6. 

(2) H. L. Casweri: Journ. Appl. Phys., 29, 1210 (1958). 

(38) D. H. Nrpierr and J. WILKS: Phil. Mag., 1, 415 (1956); 2, 1427 (1957). 


19 - Il Nuovo Cimento. 
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The temperature at which the damping becomes maximum can be evaluated 
with good accuracy from the half-width points of the damping curve, taken 
at different heights (Fig. 9). 
500 «10°75 This evaluation has been made 
mee ; 
| not only for the experimental 
data listed in Table III, but 
also for some preliminary meas- 
urements on plates n. 1 and 2 
and for the measurements on 
plate n. 5 given by the curves 
of Fig. 8. The results are listed 
in Table IV, together with the 
frequencies at which the max- 
imum damping occurs. 

For the flexural vibrations, 
the frequency vs. temperature 
curve exhibits clearly an in- 
flexion point at the temperature 
of maximum damping (Fig. 8), 
as it is required by the theory 
of relaxation effects. 

To compare the frequency 
eurves for different vibration 
modes, the same scale must 
obviously be chosen for the rela- 
tive frequency changes. This 
may be done by dividing the 


frequency /(7') at the tempera- 

Fig. 9. — Evaluation of the temperature of ture T by the value {f(273) 

maximum damping. Plate n. 2, after machining 
(f, m1, w==0), 


T= 816 


400 | 


2 


ost 


50 70 30 110 130 
TEMPERATURE (@K) 


measured for the same vibra- 
tion mode at 273 °K, as it has 
been done in Fig. 10. All the 
frequency curves for flexural vibrations are very similar to the curve A, and 
their inflexion point is much more clearly shown than in the same curves 
for longitudinal vibrations, which are of the type B. It will also be noticed 
that the temperature coefficient of the frequency is larger for flexural vibra- 
tions than for the longitudinal ones. Near 273 °K the logarithmic derivative 
of a flexural frequency with respect to T is about 1.6-10-4(°K)-, whilst 
for a longitudinal frequency its value is only 1.08-10-4 (°K)-. 

A general reduction of damping in the whole temperature interval from 
60 °K to 300 °K and a slight shift of the peak towards the low temperatures, 
are the effect of an annealing treatment at a temperature a little above 400 °K 
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(Fig. 11). To make the compa- 
rison between the effects of dif- 
ferent heat treatments easier, 
the values of Q-! measured on 
every plate have been divided 
by the value Q,,7, measured for 
the same plate at the peak of 
the damping curve, before any 
heat treatment. The same treat- 
ment raises the flexural fre- 
quency at room temperature 
without changing its value near 
the absolute zero. Thus the in- 
flection of the frequency curve 
becomes less marked after an- 
nealing and the temperature 
coefficient near 273 °K is also 
reduced. 

The same results are found 
when the annealing tempera- 
ture is raised without exceed- 
ing 500 °K (Fig. 12, 13, curves 
A, B). Above this temperature 
the heat treatments have a 
quite different effect. As it is 
shown by Fig. 12 (curves C) a 
treatment of 1 hour at 515 °K 
increases the resonant frequency 
of flexural vibrations by a com- 
paratively large amount. In 
the temperature interval be- 
tween 60 °K and 300 °K the in- 
crease of frequency seems to be 
independent on the tempera- 


Fig. 11. — Effect of mechanical and 

heat treatments on resonant fre- 

quency and damping. Plate n. 4 

flexural vibrations m=1, n=0. 

A) after machining; B) after 16h 
at 411 °K. 
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1,005 


Oe, TEMPERATUREOF 
MAXIMUM DAMPING 
A 
00+ 42 
pe 


arin kHz 
fa73 


1.003 
| 


1002 —— 


oO 
1001 TEMPERATURE He 


| MAXIMUM DAMPL. 
f = 10884 kHz 


0 100 200 300 
TEMPERATURE (°K) 


Fig. 10. - Temperature dependence of frequency. 

Plate n. 5: A) flexural vibration mode with 

m=0, n=2. B) longitudinal vibration mode, 
with p=2. Ordinates f7/foy3. 


133 % ij 
kHz ; 


13.2 


FREQUENCY 


100 200 300 
TEMPERATURE (°K) 


1.2 ] 


1.0-— : 
08 
f 
pay 
0.6 L 
£ 
£ 
+ 


0.2 
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TEMPERATURE @K) 
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ture, and the frequency curve after the treatment at 515°K looks like the 
curve obtained before, shifted by a given amount into the direction of the fre- 
quency axis. Another difference between the treatment at 515 °K and those 
at lower temperatures is that the former increases the damping at room tem- 
perature giving raise to a broader and lower peak. 


USES) 
kHz 
13.4 13.6 
13.3 13.5¢ 
e KHz 
ER yiaere wees 
=) ~ 
oe Ss 
Bate 13.3} & 
S 
wy 
13.0 132+ & 
nes 134 
12.8 1 1 , 
0 100 200 soya es 
TEMPERATURE (°K) 
2 + 12.9 e : 
0 100 200 30! 
TEMPERATURE (°K) 
1.0 ae 7 
4 
08+ On 
0.6 
0.4 
0.2 + 
) 100 200 300 0 100 200 30! 
TEMPERATURE (°K) TEMPERATURE (°K) 
Fig. 12. — Effect of mechanical and heat Fig. 13.— Effect of mechanical and heat 
treatments on resonant frequency and treatments on resonant frequency and 
damping. Plate n. 3 flexural vibrations, damping. Plate n. 2 flexural vibrations, 
m=1, n=0. A) after machining; B) after m=1,n=0. A) after machining; B) after 
2h at 498°K; C0) after and additional 5h at 419°K and 2.5h at 449°K; OQ) after 
treatment of lh at 515 °K. an additional treatment of 6 h at 516 °K. 


A longer treatment at the same temperature produces a larger permanent 
increase of the frequeney and of Q-1, while the damping curve becomes flatter 
(Fig. 13, curves C). After the material has been treated 1 hour at 873 °K 


———— 
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every trace of the damping peak has been cancelled, and no inflexion point 
is shown by the frequency curve (Fig. 14, curves B). 

Another effect of the high temperature heat treatments is to make the 
elastic and anelastic behaviour 
of the plate very sensitive to 232 - 4 
the vibration amplitude YX, gird 
even for very small values of 23.0 
the strain (14). In Fig. 15 the 
relative changes of frequency 
and the ratio of Q-! to its li- 
miting value for vanishing 
strain are given as a functions 22.4 | 
of the strain component ¢,,, | 
computed at the center of one Bae 
basis and normally to the plate 
axis. Inevery case the frequency 
was found to be a decreasing 
function of strain, whilst Q-? 
increases with e,,. When the PS Me | | 

ee, a 0 100 200 300 
strain is of the order of 10~’, TEMPERATURE. (°K) 
the changes of f are hardly 
measurable in the machined 
material because they are 
smaller than 10-*. Damping is 
of course more sensitive to the 
vibration amplitude, its va- 
riations being of the order 
of 10-1. After 1 hour at 873 °K 
the changes in frequency for 


the same values of the strain 0 100 700 300 
are about twenty times larger TEMPERATURE (°K) 

and Q-1 becomes almost double Fig. 14. — Effect of mechanical and heat treat- 
of the limiting value for van- ments on resonant frequency and damping. Plate 


n. 1b, flexural vibrations, m=1, n=0. A) after 


ishing strain. 
ae machining; B) after 1h at 873 °K. 


After a high temperature 
treatment a peak can be rein- 
troduced into the damping curve by means of cold work. Fig. 16 shows the 
effect of a permanent strain of 1.5-10™ parallel to the axis of the plate n. 2, 


(#4) The amplitude X is proportional to the output voltage of the vibration detector 
~ and to its sensitivity. The measurement of X is illustrated in the first paper quoted 
in footnote (*). 
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which had been previously kept 1 hour at 873 °K. The height of the peak is 
about one third of that originally measured on the same plate after machining 


fre )-f(0) 
f(e) 
=-100 + 
-4 STRAIN 
-150 0 ! 
1 
22 ———s 
20 pee ol 
Q*(e) 
ai | 
vat 0 8) | 8, 
Se 
16 =e ae 
A 


STRAIN 
0 1 2 3 4-107 


Fig. 15. — Dependance of the resonant frequency and damping at 294°K upon the 

strain component e,, computed at the center of one basis and normally to the plate axis; 

f(e), Q-(e): values measured when the strain amplitude is e; f(0), Q-1(0): limiting values 

for vanishing strain. Flexural vibrations of plate n. 1b (m=1, n=0); A) after machining; 
B) after 1h at 873 °K. 


(Fig. 13) and its temperature is somewhat lower. The frequency (corrected 
for the change in thickness) takes values very near the original ones, and a 
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shght inflexion is found at 136 


the temperature of maximum _ 
damping. It may be added 3 [ 
that the amplitude dependence Ay S 
of frequency and damping is > ih W 
greatly reduced by cold work, wal G 
and the measurements of f(e) i 
and @Q-(e) on the strained 13.2 
material are very similar to 
those represented by the cur- aed « 
ves A of Fig. 15. ae 
0 100 200 300 
TEMPERATURE (°K) 
1.0 1 
0.8 | 
Qi 
Fig. 16. — Effect of cold work o6 | Gine =! 
upon frequency and damping. A 
Plate n. 2, flexural vibrations 04 merino 
(m=1, n=0). A) after 1h at PY 
873°K; B) after a permanent 0.2 CAS | 
strain of 1.5-10-2 parallel to the “5 signi ged 
plate axis. The values of frequency yak ee 
have been corrected for the change 0 100 200 300 
in thickness. TEMPERATURE. (°K) 


4. — Discussion. 


41. Activation energy. — The values of frequency and temperature at which 
the maximum damping occurs (after machining and before any heat treat- 
ment) are given in Table IV. If the logarithm of frequency f is plotted against 
the inverse of temperature, the experimental points are placed, with good 
accuracy, on the same straight line. This shows that the peak of the damping 
curve is associated with a characteristic relaxation frequency w which depends 
exponentially upon the temperature (’*) 


(5) w= @,exp 


aI: 


(5) The term «frequency of a dislocation » is commonly employed, but it must be 
remembered that it has only a statistical meaning. From the classical standpoint it 
means only the inverse of a characteristic time. The maximum damping occurs when 
the product of w by the vibration period equals unity. 
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Moreover the two parameters w, and W have the same value for the flexural 
vibrations of plates and for their longitudinal vibrations, as the points of 
Fig. 17 are placed on the same line. In fact for each type of vibration the 
distance between the experimental points is large enough to show an eventual 
difference in the slope or position of the straight lines drawn separately through 
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the points belonging to each type of vibration. 


TABLE IV. — Frequency dependence of the temperature of maximum damping. 


Vibration mode 


When the natural logarithm of frequency is multiplied by the constant k, 
as it was done in Fig. 17, the slope of the line gives directly the value of the 
activation energy W. Owing to the very wide frequency range on which meas- 
urements were made (from 1.882 kHz to 6.492 MHz) to which corresponds an 
interval from 72.0 °K to 130 °K for the temperature of maximum damping, 


the activation energy W may be computed from Fig. 17 with an error smaller 
than +4% 


(6) 


W= (0.122 + 0.005) eV (molecule)-!. 


Se debi F =flexural Frequency Temper- k In ba 

Migrate oe gee f ature (ey -moleelo™™ Peek 

= n=nodal diameters (kHz) (°K) *degree™) 

\J=nodal lines 
p=nodal planes 

Rod n. 1 Hi t=2 1.882 72.0 0.0649-10-2 | 1.390-10-? 
Plate n. 4 EF, m=1, n=0 13.160 82.5 0.0816 1.212 
Plate n. F, m=1, n=0 13.418 81.6 0.0818 1.226 
Plate n. 2 F, m=1, n=0 13.418 82.0 0.0818 1.220 
Plate n. F, m=1, n=0 L3anG 82.4 0.0820 1.214 
Plate n. ! F, m=0, n=2 14.912 80.5 0.0827 1.242 
Plate n. F, m=1, n=0 22.470 84.5 0.086 2 1.183 
Plate n. F, m=1, n=0 24.805 84.0 0.0871 1.190 
Plate n. F, m=1, n=1 45.470 89.0 0.0923 1.124 
Plate n. F, m=1, n=2 49.880 86.9 0.0931 1.151 
Plate n. F, m=1, n=2 49.880 88.0 0.0931 1.136 
Plate n. £ Li, p=) 550.9 102.5 0.1138 0.9757 
Plate n. L, p=2 1088.4 UU bs 0.1196 0.8969 
Plate n. I 1916.0 114.0 0.1245 0.877 
Plate n. pas PUTED) 119.7 0.1275 0.835 
Plate n. DL, p=10 5415.2 126.0 0.1334 0.794 
Plate n. L, p=12 6492.0 130.0 0.1350 0.769 


(*) Temperature measured with « unbroken » thermocouple in a hole of the vibrating plate; 
from data not listed in Table III. 
(**) With ring. 
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The intercept of the straight line with the frequency axis gives the value 
of klInf = k In (@,/2z) for vanishing T-1. The factor w, of equation (5) has then 
the value - 


(To w, = 23.9 (1.8)#1-104 s-). 


The factor (1.8)#1 is due to the uncertainty in the slope and the position of 
the straight line. The theory of dislocation damping developed by SEEGER (’*) 


0.15 10? 


ecko. are) 


as 


0.09 


[ee - ie Z 
070 0.80 0.90 1.00 1.10 1.20 1.30 1.40-10 


Fig. 17. — Frequeney dependence of the temperature of maximum damping for the 
machined material. Activation energy: W=0.122 eV (molecule)+; @,=23.9-10! 8. 


gives W and q, in terms of one unknown parameter, the Peierls stress Tt} (*”) 
by means of the following equations, 


7b8 Ue 

(8) aes ay Be 
V10-% T 
(9) eae eae 


(6) A. SEEGER: Phil. Mag., 1, 651 (1956). See also W. P. Mason: Physical 
Acoustics and the Properties of Solids, 1st ed. (New York, 1958), pp. 266, 271. 
(7) The parameter 7° is the stress required to force the dislocation over the steepest 
part of the Peierls potential. 
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where: b = distance between the closest atoms in the glide direction of the 
dislocation = 2.5512-10-8 cm for copper; w= second Lamé constant or shear 
modulus = 4.6-101! dynes em-? for copper; v,= shear velocity in the glide 
plane = 2.27-105 cm:s-! for copper (18). 

The best way to check this theory with the experimental data is to use 
the value of W, which is known with a fairly good accuracy from Fig. 17, to 
compute the ratio t)/u by means of equation (8), and to insert this value in 
to equation (9) to find the limiting frequency w,. The values obtained are 


(10) 7/u = 4.18-10-4, 
(11) o, =12.5-10%s-. 


The limiting frequency w, calculated in this way can be considered in a good 
agreement with the experimental value given by (7) if one takes in account 
the peculiar assumptions of the Seeger’s theory (1%). Moreover the ratio 7}/u 
is very near the upper limit found by CoTTRELL (?°), which is 3.6-10-+. 

A different calculation of the temperature dependence of the relaxation 
frequency has been recently given by SEEGER, DONTH and PFAFF (*°). Ac- 
cording to the theory of stochastic processes w and T must satisfy the equation: 


. ue 
(12) In w = F,(r, «) a 1h ee he 


The function F, is given by a graph, and the dimensionless variables r 
and « are defined by: 


2W 

(as) aa i 
Tt ts 
(14) ae mer: 7’ 


where: W, is the energy of a kink of the dislocation and does not depend 
upon 7; tv is the shearing stress acting upon the dislocation. 

The parameter B contained in (12) has the physical dimensions of a fre- 
quency, and is given by 


wk y/ 1 
(15) a ee 
6b4" ou 

where 0 = density = 8.94 g em- for copper. 


(8) See footnote (28), 


(**) A. H. Corrreti: Dislocation and Plastic Flow in Orystals, Ist ed. (Oxford, 
1953), pp. 62, 64. 


(°) A. Specer, H. Donru and F. Prarr: Discussions Faraday Society, 23, 19 (1957). 
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Then the ratio B/T depends only upon the physical properties of the ma- 
terial; for copper 


B 
{15’) 7 2.66-108 s-!-deg-?. 


Tf the values of 7 and w corresponding to an attenuation peak are known, 
the equations (12) and (15’) give the value of F,(r, «). Since the measurements 
were all done at low strain amplitudes (rt <7t}), equation (14) reduces to 
a 1 and the graph of the function F, gives the value of r corresponding to 
the experimental data. The relaxation frequency may be computed for any 
temperature by means of equations (12) and (13). This has been done choosing 
a central point on the experimental curve of Fig. 17 (7-*=1.050-10-; 
k Inf =k In (@/2x) = 0.103-10-2 eV: (molecule-degree)-') to compute F’, and r for 
a —1 and «=0.9, and the results are shown in Fig. 18. The agreement 


2 


0.25 -10 ate 
0.20 a 
0.15 
0. 10 | | 
0:05 a 
/ 
‘ 
1 -1 
z (deg.) 
0 5 10 15 70-10 


Fig. 18. — Comparison between experiment and the theory of Seeger, Donth and Pfaff. 
@ computed values for «=1; x computed values for «=0.9. Heavy line: average of 
experimental data. 
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between the experimental data and the calculation is satisfactory; however 
the theoretical points lie on a line somewhat steeper than the one found exper- 
imentally. A slight correction of the values taken by the function F, seems 
therefore to be needed to obtain a complete agreement between the theory 
and the experiment. 

Since the value of 7 is known for a given temperature, the energy W, of 
a kink may be computed according to the equation (13) and from it the ratio 
T/u is derived by means of the relation: 
Te a ihe Wi a pes 


16 2 = SS = 
ie BH 3/3 po 6/3 POE 


From the experimental data this value is found to be: 


0 


(16') A — 4.72-10-4, 


and is quite near to that given by equation (10). 

The same theory gives the number per unit volume of dislocation loops 
(of average length LZ) contributing to the relaxation process, as a function of 
maximum damping Q>*. Taking Q>* = 425-10-5 (cf. Table III): 


(17) EN, w 24-90-73 = 0.1, 
which for an average loop length of 4.5-10-> cm gives a density N,= 10!2 em-°. 


4°2. Relaxation spectrum. — If the relaxation effect were due to the sum of 
many elementary effects associated with the single dislocations and having 
all the same values of the parameters W and w,, the experimental curves 
would coincide with those derived by the Zener theory for a single relaxation 
time (#1). According to this theory the ratio of Q-! to its maximum value @;* 
depends only upon the ratio: 


=1 
(18) o= ae = sech [in ral ; 
Om 
where @, is the characteristic relaxation frequency for maximum damping. 
Taking for w the expression given by (5), a normalized expression is obtained 
for all the relaxation effects associated with given values of w, and W, 


aie We W/i1 i. 
19 = t= MAIS) (ae ae 
(19) Tami sech = ( Tr 7) ; 


(7) C. Zener: Elasticity and Anelasticity of Metals, 1st ed. (Chicago, 1948), pp. 46, 47. 
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where 7, is the temperature corresponding to the maximum damping and is 
related to w, and to w, by 


Ww 
20 ae ex — 


Taking for W the value given by (6) the experimental values of Q~*/Q,,* 
have been compared with the curve given by (19) (Fig. 19). The comparison 
has been made for every type of vibration and for very different frequencies; 
curve A gives the values measured for the flexural vibrations of the rod n. 1 
(f =1.882 kHz); curve B those obtained 
for the plate n. 2, vibrating with a single 
nodal circle (f =13.418 kHz); curve C 
those obtained for plate n. 5 vibrating 
longitudinally with two nodal planes 
(f =1.088 MHz). In every case the expe- 
rimental curves are much broader than 
the theoretical curve Z for a_ single 
relaxation time. 

Since the hypothesis of a single relax- 
ation time must necessarily be rejected, 
the two simplest assumptions that can be 
made are: 


a) all the elementary relaxation 
effects have the same _ value 
for w,, but different activation 
energies W; 


b) all the elementary relaxation 
effects have the same activation 4 
energy W, but different values 
for «,. 


Fig. 19. — Comparison between the experi- 
mental data and the theory for a single 
relaxation time. Abscissae (W/k) (1/T,— 1/1); 
ordinates Q~'/Q;,'. Curve A, measurements on 
rod n. 1; (F, J=2) curve B, measurements on 
plate n. 2 (F, m=1, n=0); curve O, measure- 
ments on platen. 5 (L, p=2) curve Z, computed 
values for a single relaxation time [equa- 
-tion (19)]. 


3205, 


302 P. G. BORDONI, M. NUOVO and L. VERDINI 


According to the first hypothesis, if S is the total relaxation strength (??) 
and 0(W) the relaxation strength density with respect to the activation energy, 
then the relaxation strength of all the dislocations with an activation energy 
between W and W+4dW is dS=o0(W)-dW. Owing to the exponential rela- 
tion between w and W, a constant density with respect to the energy cor- 
responds to a constant density with respect to Inw for a fixed value of the 
temperature. When the width of the energy spectrum is 2AW, the ratio r? 
of the maximum frequency w, of the spectrum to the minimum frequency @, 
is given by 


(21) 7 = + == ex 


and decreases with increasing temperature. If the center of the energy spectrum. 
is denoted by W and the corresponding frequency by @, then the value of Q-t 
is given as a function of temperature by 


S | 


ae Ay 
22 Hh = f p . 
(22) Q SAW kT arctg 7 sinh 


rat 
where y is the damping function for a single relaxation frequency given by (18), 
(19) and (20), where @ and W take the place of m and W. 

To compare the damping computed by means of (22) with the experimental 
results, the values given by (6) and (7) were taken as good approximation 
for W and w,, and AW was chosen in order to make the theoretical curve as. 
near as possible to the damping measured on plate n. 2 at about 13 kHz. 
The same values of W, w, and AW have been employed to compute the 
damping measured for longitudinal vibrations on plate n. 5 at about. 
1 MHz. Fig. 20 shows that for the high frequency vibrations the com- 
puted curve is much narrower than the experimental one, and therefore the 
hypothesis a) does not seem to agree with the experimental data. 

A more satisfactory result is obtained from the hypothesis b), with a. 
constant logarithmic density. In this case, the ratio r? of the maximum fre- 
quency of the spectrum @, to the minimum frequency w, does not depend 


(°°) The relaxation strenght S is defined as the difference between the unrelaxed 
and relaxed elastic moduli M, and Mz, divided by their geometric mean. Owing 
to the smallness of S the following relations hold with good approximation: 

M,— Mp My, — Mp M,— Mp 


V MyMp My Mp 


For the derivation of the following formulae on relaxation spectra, see: P. G. BORDONI= 
Thermally activated relaxation effects with continuous spectra (in press). 


S 
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upon temperature, and @-! is given by 


Ss” Be 
(23) 0 ae on arctg [y-sinh 7], 


where @,, = 1/0, 7=Ilnr, and Y has the same meaning as in (22). 
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Fig. 20. — Comparison between experiment and theory for a relaxation spectrum with 
W variable and m, constant. Curves A, C: measurements on plate n. 2 at 13 kHz and 
on plate n. 5 at 1 MHz; curves B, D: computed for the same plates, according to (22) 


with the values of W and a, given by (6) and (7) and AW=0.019 eV (molecule) "?. 


Fig. 21 shows that it is possible to choose a value for the bandwidth (r = 15, 
4 = 2.70) which makes the theoretical curves agree fairly well with the 
experimental ones both at low and high frequency. Obviously the agreement 


0 50 100 150 200 
TEMPERATURE (°K ) 


Fig. 21. — Comparison between experiment and theory for a relaxation spectrum with 
-W constant and w, variable. Curves A, 0, are the same as in Fig. 20; curves B, D, 
have been computed according to (23) with 7=2.70. 
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is limited to the values of Q-1 near the maximum; in fact the lower values of 
the damping are considerably affected by the shape of the relaxation spectrum, 
which is only roughly represented by a constant density. Moreover the effect 
of other causes of damping different from the relaxation of dislocations is 
more severely felt when the damping due to the latter cause is small, so that 
no satisfactory agreement between theory and experiment can be expected 
at a distance from the peak. 


1.0 

0.8 

0.6 

0.4 

0.2 | 

=6 “b ne 0 2 +6 6 
Wt-4) 
Ke tae AT 
Fig. 22. - Comparison between all the measurements of Table III plotted as a function 


of the variable (W/k)(1/T,, —1/T); ordinates: Q~1/Q,,’. 


It must be observed that, according to the assumption b) for a given 
frequency spectrum, the ratio between Q-! and its maximum value Q;* depends 
only upon the variable (W/k)(1/7,,—1/T) as in the case of a single relax- 
ation time. In Fig. 22 all the experimental data listed in Table III have been 
plotted as a function of this variable. To make the measurements at high 
frequency comparable with the other ones, the value of damping at room 
temperature has been reduced to the common value of 60-10-*. The agreement 
between the different measurements is quite satisfactory, considering the wide 
range of frequencies covered (from 1.8kHz to 6.4 MHz; see Table II). The 
main difference between the average experimental curve and the damping 
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computed by means of (23), is that the former is markedly asymmetrical with 
respect to its maximum, with the low-temperature branch higher than the 
other one. The asymmetry cannot be due to the presence of an additional 
attenuation produced by thermoelastic effect; in fact this kind of attenuation 
decreases with temperature and any correction for this type of damping 
would make the curves still more asymmetrical. The difference between the 
values of damping for points whose abscissae differ only in sign is found to 
be a linear function, which increases as (W/k)(1/T,—1/T) becomes more 
negative. It seems therefore probable that the asymmetry of the damping 
curve is mainly due to the Niblett and Wilks maximum, whose peak is out 
of the range covered by Fig. 22 for all the frequencies considered. 

To get some additional information about the shape of the relaxation spec- 
trum related to the main peak, the average curve drawn through the points of 
Fig. 22 has been corrected for the effects of the secondary maximum. The curve 
obtained (Fig. 23a) is quite well 
represented by the function 


1.0 
Qu 
os a 
24 == 0.8 a 
ids Nae hese Sey ; = 
sech WS vege 0.6 L ud 
= sh |e —|——- — — u ie or al 
j ieee fl, te 
with « = 0.39. According to oa | 
the theory given by Fuoss 0.2 | | 
and Kirkwoop (2°) the relax- 
| | 2 ees 
-8 -6 -4 =? 0 +2 +1 +6 *8 
Me poke, ey 
Fig. 23.— a) Comparison between et" 
the average values of attenua- 1.2 5 —— 
tion obtained from Fig. 22 and cond 
corrected for the Niblett and pi ae 7 
Wilks maximum (circles) and the b) 
attenuation curve computed for 0.8 fe 22! 
a Fuoss and Kirkwood spectrum e 
(a=0.392; heavy line). Abscissae: 0.6 + 


values of (W/k)(1/Lm— 1/T); or- 
dinates: Q~'/Q;,".b) Fuoss and 0.4 
Kirkwood spectrum for «=0.392 


and a rectangular spectrum 0.2 | 
having the same total relaxation 

strength. Abscissae: In (w/,,)5 Ie | | 

ordinates: ratio of the spectrum Cae Ste aS hs VO 


ihn 
Q 
density to its maximum value. Ing. 


(23) R. M. Fuoss and J. G. KIRKwoop: Journ. Chem. Phys., 68, 385 (1941). 


20 - Il Nuovo Cimento. 
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ation spectrum is then given by: 


28 cos (az /2)- cosh («In (@,/@)) 


(25) o(@) = “7 Cos? (a/2) + sinh? (a%-1n (@m/o)) ” 


In Fig. 23b, the spectrum given by (25) for «=0.39 is compared with the 
rectangular spectrum having the bandwidth 7 = 2.70 and the same total re- 
laxation strength. 


4°3. Modulus relaxation strength and maximum damping. — In the very 
simple case of a rectangular spectrum the vibration frequency f can be 
obtained as a function of the variable (W/k)(1/T,, —1/T) and of the « relaxed » 
frequency f,, corresponding to an instantaneous motion of the dislocations: 


f—fe Sl 4 a ey cosh [vy — (W/k) (1/7, —1/T)] 

~ 2)2 © 4n ~ |cosh[y + (W/k)(1/Tm—1/L)I\{~ 

It will be noticed that the limiting value of (f/f, —1) for vanishing 7, is inde- 
pendent of the width of the spectrum and equals 8/2, whilst the maximum 
damping depends upon the width of the spectrum, and is given by 


inh 
(27) 2 — 7) _ 0.536- 


according to (23). The derivative of the frequency with respect to the variable 
& =(W/k)(1/7,, —1/T) computed for T= 7,,, is inversely proportional to the 
width of the rectangular spectrum 


a 


1 


BP RCLELS 6 
Tr 1 


L S 
é=0 2 2 ; 


28 
(28) on 


8, 
ae 


I 
| 
° 
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For the Fuoss and Kirkwoop spectrum the analogous of (26) and (28) 
cannot be obtained in closed form; however it is easily proved that the limiting 
value of (f/f,—1) when T vanishes is still S/2, whilst the maximum damping 
depends upon the spectrum width, as in the rectangular case, and is given by 


S S 
29 =1 a = = 0.392 —. 
(29) Im =H 9 9 


The frequency derivative with respect to € can be obtained from a diagram; 
its value for T= T,, and « = 0.392 is 


1 | of S 
30 £6 ee — — (0. a. 
: : fr rele vee 2 
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The values of (f/f,—1) can be obtained from the experimental data sub- 
tracting from the measured frequency at the temperature T, the frequency 
computed with a linear extrapolation from room temperature measurements (**). 
The results of this computation are shown in Fig. 24 together with the damping 


Fig. 24. — Frequency relaxation and attenuation for different frequencies. Abscissae: 
(W/k)(1/Tm —1/T); ordinates: Q-1 and (f/fr— 1). Upper curves rod n. 1 (1.8 kHz); 
middle curves, plate n. 2 (13 kHz); lower curves, plate n. 5 (1 MHz). 


(24) The values of (f/fz— 1) obtained in this way are always smaller than the real 
ones, owing to the curvature of the frequency vs. temperature curve for the material 
free from dislocations, which is neglected in the present computation. However the 
error is quite small for the considered temperature interval. 
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curves, plotted in the same scale for comparison purposes. For the flexural 
vibrations of rods and plates the ratio between the maximum damping and 
the total relaxation is near 0.4 and agrees better with the value given by (29) 
than with the value computed according to (27), as it could be expected 
from the previous discussion on the shape of the spectrum. No similar agree- 
ment is however found for the high frequency measurements. In this case 
the total relaxation of the frequency is about one fifth of the one measured for 
flexural vibrations, whilst the maximum damping has almost the same value. 

It is not difficult to explain the strong reduction found in the total re- 
laxation, observing that the motion of dislocations changes the shape of the 
solid, rather than its volume. If we assume that the compressibility modulus 
A+2u is not affected by the motion of dislocations, the following relation is 
found between the relaxation strength S“ for longitudinal vibrations and the 
corresponding value S® for the flexural or extensional ones: 


: [co]? 
eo aeons 


where o®, ¢, c”, are the velocities for torsional, extensional and longitudinal 
waves. Taking for them the values given by the literature (c? = 2260m s-}, 
and in the same units o® = 3580 and c” = 4600), the relaxation of longitu- 
dinal velocity or frequency is found to be 0.19 of that for flexural and exten- 
sional vibrations, in satisfactory agreement with the experimental results. 

It must still be explained why the maximum damping is little affected by 
the type of vibrations, and may even take values larger than S/2, in apparent 
contradiction with the theory of relaxation. To this purpose it must be re- 
membered that measurements were made ona polycrystalline material, whose 
average grain size, according to Fig. 6, is of the order of 10-2 of the wavelength 
when the vibrations are in the megacycle range. Owing to the large ani- 
sotropy of copper crystals and to the random orientation of grains, the stress 
is then not entirely of longitudinal type, but may be considered as the sum 
of a purely longitudinal stress and of a more complex stress changing from 
grain to grain. The latter stress does not correspond to any appreciable macro- 
scopic force, because of the randomness of the grain orientation, and therefore 
has no influence upon the vibration frequency. On the contrary, the elastic 
energy associated with the same stress is not negligible in comparison with 
the energy associated with the longitudinal part, and: must be taken into 
account when the total energy dissipation is evaluated. This fact explains 
why @,," which can be larger than the value which could correspond to a 
purely longitudinal stress. 

In Fig. 25 a the esperimental value of (f/f, —1) measured on plate n. 2 
at about 13 kHz (curve A) are compared with those computed by means of 
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(26) for a rectangular spectrum. If the same bandwidth is taken as for the 
attenuation curve (y = 2.70, curve B), the agreement with the experimental 
data is rather poor; moreover the slopes of the theoretical and experimental 
curves are not the same at the inflexion 
point. Hence according to (28) the 
value chosen for 7 cannot be the right 
one. If a larger bandwidth is taken 
in order to have the same slope as the 
experimental curve (7 = 3.5, curve C) 
the agreement in somewhat better, but 
the attenuation curve becomes too 
wide in comparison with the experimental 
data. 

A more satisfactory result is found 
when the same curve A is compared 
with the theoretical relaxation curve 
for a Fuoss and Kirkwood spectrum, as 
itis done in Fig. 25b (curve D). Taking 
for a the value which is found to fit 
best with the attenuation measure- 
ments («= 0.392) (see Fig. 23a) the 
general agreement is quite satisfactory, 
and the slope of the two curves at the 
inflexion point is exactly the same, as 
is required by (30). 


44, Niblett and Wilks peak. — The 
small maximum which was first noticed 
a little above 30 °K by NiBLETT and 


Fig. 25. — Comparison between the 
experimental relaxation of frequency 
measured on plate n. 2 (13 kHz) 
WILKS, is clearly exhibited asa « bump » (curve A) with the theoretical curves 
by the curve which gives the attenua- for a rectangular spectrum (B, n=2.70; 


tion values down to the liquid Helium 0. 4 = 3.5) and for ja Muoses and 


temperature (Fig. 8). The secondary Kirkwood spectrum (D, ' %= 0.392). 
Abscissae (W/k)(1/Z'm—1/TL); ordinates 


maximum can be separated from the (2/8) (ffs —D). 

main one, computing the hyperbolic 

- cosine of the ratio Q7*/Q* and plotting 

it as a function of (W/k)(1/T~' — 1/T~1). According to the previous remarks on 
the shape of the relaxation spectrum, the curves obtained in this way are 
straight lines near the main maximum and on the high temperature side, 
where the effects of the secondary maximum are little felt. The low temper- 
- ature peak can be isolated taking the difference between the straight line 
obtained by extrapolation of the values near the main maximum, and the 
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actual curve. The hyperbolic secant of these values multiplied by Q;,’ gives 
the attenuation due to the Niblett and Wilks peak. The curves of Fig. 26 
which show that the temperature of maximum damping increases with the 
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Fig. 26. — Niblett and Wilks peak. Curve 4, plate n. 5 (Ff, m=0,n=—2) frequency 


15 kHz; curve B, plate n. 6 L, p=4, frequency 1.915 MHz. 


vibration frequency as for the main peak, have been obtained in this way. The 
same computations have been made for other measurements (Table V) and 
the frequencies have been plotted in a logarithmic scale against 77* (Fig. 27). 


TABLE V. — Frequency dependence of the temperature of the Niblett and Wilks peak. 


Vibrating ae a Frequency te ‘ae . es bs T= 
ibration mode re eV ‘molecule™: ° 
system (kHz) re degree?) Ch 
Plate n. 5 | flexural m=0, n=2 15.087 Bue) 0.0828-10-2 | 2.67-10-2 
Plate n. 5 | longitudinal p= 1 551.00 55.5 0.114 1.80 
Plate n. 6 | longitudinal p= 4 1915.0 64.0 0.126 1.56 
Plate n. 5 | longitudinal p=12 6492.0 69.5 0.135 1.44 


The experimental points are placed on the same straight line, together 
with the points obtained for the same peak by NIBLETT and WILKS, CASWELL 
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and Part (25). The activation energy computed from the slope of the line 
has the value 


(32) W‘ = 0.041 eV (molecule)-* 
and is therefore about one third of the activation energy found for the main 


maximum. This low value of W’ is consistent with the fact that the relax- 
ation frequency associated with the Niblett and Wilks peak must necessarily 


0.3-10° 
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Fig. 27. — Frequency dependence of the temperature of maximum damping. Curve 4, 

Niblett and Wilks peak. Activation energy 0.041 eV (mol)~*; a@,=6.10°. o data of 

Table V; x values obtained by Niblett and Wilks, Caswell and Paré. Curve B, main 
relaxation peak (see Fig. 17). 


be lower than the upper frequency limit due to the periodic structure of copper 
crystals. At the melting pomt, (7-4 = 0.7-10-*) the value of kInjf cannot 
exceed 0.27-10-2 eV (molecule: degree). This gives for the activation energy 
of the smaller peak an upper limit of 0.065 eV (molecule)-? which shows that 
the value given by (32) is a reasonable one. It may be added that the shape 
of the curves of Fig. 26 is also consistent with the value found for W’. 
In fact both of them are somewhat broader than the curve for a single relaxation 


(25) V. Paré: Experimental and Theoretical Study of Low Temperature Internal 
Friction in Copper. Cornell University, Department of Engineering Physics, Technical 
Report n. 4 (July 1958). 
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time, plotted as a function of temperature according to the value of W’ given 
by (33). This seems to point out that even the Niblett and Wilks maximum 
is associated with a relaxation spectrum, whose bandwidth seems to be of 
the same order as that found for the main maximum. It will also be noticed 
that at room temperature the relaxation frequencies associated with the two 
peaks have almost the same value, owing to the difference of their activation 
energies (Fig. 27). 


4°5. Heat treatments. — The heat treatments may be broadly divided in 
two classes, according to their effect upon dislocations. 

When the temperature of the treatment does not exceed 500 °K, the total 
number of dislocations is reduced or they become less active in the relaxation 
process. This is proved-not only by the general lowering of the attenuation 
curve, but also by the reduction of frequency relaxation (Fig. 11, 12, 13). 
No other permanent change is undergone by the material and the limiting 
value of the frequency at very low temperatures does not vary. The dislo- 
cations more easily removed seem to be those associated with the lowest values 
of relaxation frequency; in fact, after the treatment the average frequency of 
the spectrum is higher, as is shown by the decrease of the temperature of 
maximum damping. The change in the value of (f>*— T~*) is of the order 
of 0.3-10-? °K-?, which corresponds to an increase of the frequencies of the 
spectrum by a factor 1.5 according to the value found for the activation 
energy. 

When the temperature of the treatment is considerably higher than 500 °K, 
the dislocations are entirely cancelled, the damping at the temperature of the 
maximum takes a value much lower than before the treatment and no trace 
of relaxation is found in the frequency curves (Fig. 14). 

In addition to this effect, which is quite clearly understood, the material 
undergoes also a more complex permanent change of its elastic and anelastic 
behaviour. The frequency is raised by an amount independent of the tempe- 
rature and almost proportional to the temperature coefficient of the frequency 
itself; at the same time the room temperature damping takes a much larger 
value than before the treatment and the material becomes very sensitive to 
non-linear effects and to handling (Fig. 15). In previous investigations only 
the changes in damping have been considered. These could be referred to 
the formation of new dislocations, and in this way also non-linear effects are 
explained. However the above hypothesis does not give any reason for the 
considerable rise in frequency, which must also be related in some way to 
dislocations as it may be cancelled by cold work like the increase in damping 
or the non-linear effects (Fig. 16). 
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5. - Conclusion. 


The temperature of the peak in the attenuation vs. temperature curve due 
to dislocations is related to the vibration frequency by an Arrhenius equa- 
tion. The activation energy and the limiting value for the relaxation frequency 
when 7 increases, have the same value for flexural and longitudinal vibrations. 
Owing to the wide frequency range covered by the measurements the above 
parameters have been determined with remarkable accuracy. Their values 
agree satisfactorily with those computed by means of the theory given by 
SrEceR. The lack of agreement noticed in this respect by NrBLeTr and WILKS, 
CASWELL and Pars is due to the fact that they derived the activation energy 
and the limiting frequency from the comparison of experimental data for dif- 
ferent materials, or from measurements over a narrow frequency range, obtaining 
therefore values which were not accurate enough. 

With respect to the more recent theory given by SEEGER, DONTH and 
PraFF, it must be remarked that the experimental data seem to follow exactly 
an Arrhenius equation, in the temperature interval from 72 “Keto 350" ke 
whilst the theory gives a somewhat different law. However theory and exper- 
iment could be easily reconciled, within the limits of the experimental accuracy, 
by a slight change of some parameters involved in the theory. 

The two values of the Peierls stress computed from the experimental data 
by means of the above theories, are quite close to each other and agree with 
the value found by CorrrELt on very different grounds. 

The attenuation peak is not due to a single relaxation time but to a con- 
tinuous spectrum, which seems to be of the type studied by Fuoss and KiRK- 
woop, with a constant value of the activation energy for all the relaxation 
frequencies and a bell-shaped distribution of the limiting frequencies around 
a central value. This spectrum explains not only the shape of the curves which 
give the attenuation and the vibration frequency as a function of the tempe- 
rature, but also the relation between the total frequency relaxation and the 
maximum damping for flexural vibrations. 

When the vibrations are of longitudinal type, the total relaxation of fre- 
quency is found to be smaller than the maximum value of attenuation. This 
result, which seems to contradict the theory of relaxation effects, is due to 
the grain structure of the metal which gives rise to a stress distribution more 
complex than a purely longitudinal stress. 

The small peak found by NrBLETT and WILKS is associated with an activ- 
ation energy having a value which is about one third of the activation energy 
for the main maximum. This small value is consistent with the upper limita- 
tions for the vibration frequencies due to the periodic structure of crystals and 
with the shape of the attenuation vs. temperature curves. 
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The effect of heat treatment is only that of reducing the number of dis- 
locations or their contribution to the anelastic strain, provided the tempera- 
ture of the treatment does not exceed 500 °K. This effect is more pronounced 
for the dislocations having low relaxation frequencies; the relaxation spectrum 
is therefore displaced towards the high frequencies after the treatment. 

When the temperature exceeds 500 °K the material undergoes also a per- 
manent change of its elastic and anelastic behaviour, which does not seem to 
be directly related to any relaxation effect. 

The comparison of the above results with those obtained by other exper- 
imenters on copper having a different impurity content and on single crystals, 
shows that the relaxation effect due to dislocations is not very sensitive to the 
impurity content or to the grain structure, but seems to be more directly re- 
lated to the basic properties of the crystal lattice and to the interatomic bonds. 


RIASSUNTO 


Si sono misurati la frequenza e la dissipazione di onde elastiche nel rame poli- 
cristallino fra 1.8 kHz e 6.5 MHz in funzione della temperatura nel campo da 60 °K 
a 300°K. Si é potuto cosi caleolare con considerevole precisione, sia l’energia di 
attivazione W, sia la frequenza limite w,, associate al massimo di assorbimento provocato 
dalle dislocazioni. I valori ottenuti (W= 0.122 eV (molecole)-!; w,= 23.9-104 8-4) 
concordano in modo soddisfacente con quelli calcolati con la teoria di Seeger, Donth 
e Pfaff. La forma delle curve attenuazione-temperatura mostra che lo spettro delle 
frequenze di rilassamento é rappresentabile con una curva a campana che ha il suo 
massimo per il valore o=w,, e che ciascuna frequenza dello spettro @ associata con 
il medesimo valore dell’energia di attivazione sopra riportato. I valori massimi della 
dissipazione sono stati confrontati con il rilassamento totale che si osserva nelle curve 
frequenza-temperatura. Per le vibrazioni di frequenza al disotto di 100 kHz i risul- 
tati concordano con la teoria degli effetti di rilassamento aventi uno spettro continuo. 
A frequenze pit elevate, la struttura policristallina del materiale da invece origine 
ad una dissipazione maggiore di quella che corrisponderebbe ai valori del rilassamento. 
Sono stati anche studiati gli effetti provocati da trattamenti termici diversi e si é 
visto che, se durante il trattamento la temperatura non supera i 500 °K, si ottiene 
una riduzione degli effetti di rilassamento e, contemporaneamente, w, aumenta leg- 
germente. Se durante il trattamento si raggiungono temperature pit elevate, si pro- 
vocano, nel rame policristallino, variazioni relativamente grandi della dissipazione e 
della frequenza delle onde elastiche, le quali sembrano non essere legate direttamente 
alle dislocazioni preesistenti. Queste variazioni possono essere cancellate con un oppor- 
tuno incrudimento del materiale. 
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Summary. The emission of X-hyperons from 3037 .K™ capture stars 
at rest in nuclear emulsion has been studied. The identification of the 
hyperons is discussed. Charged X-hyperons are emitted from (17.6--1.0)% 
of all K~-stars while (9.6+0.6)% of them lead to the emission of both 
x-hyperons and z-mesons. The  /=* ratio for all stars is 0.86+0.12 
while for stars in which a z-meson is also emitted it is 0.45-.0.10. The 
difference between this latter value and the markedly different value (2.0) 
obtained for K~-interactions at rest in a hydrogen bubble chamber is 
attributed to the Fermi motion of nucleons in the nucleus, and a depend- 
ence of the relative K~ transition amplitudes on the energy of relative 
motion of the K~-meson and nucleon. The branching ratio, R, of the 
number of %* decays to z+ and proton respectively is 1.23+0.27. The 
stable prong distribution of the stars in which a hyperon is emitted, as 
well as the energy distribution of the X-hyperons at emission has been 
studied. About 16% of all identified charged S-hyperons had an emission 
energy above 60 MeV, and had to be attributed to multi-nucleon inter- 
actions of the K’-meson. It is estimated that the proportion of all 
multi-nucleon primary capture processes may be as high as (80+40)%. 
The interaction of a K’-meson with a pair of neutrons seems to occur 
rarely, if at all. From the fraction of =* emitting stars which also emit 
a m-meson it is concluded that only about 10% of the z--mesons fail 
to escape from the nucleus in which capture occurs. This could be 
understood if K’-capture occurs predominantly in the peripheral region 
of the nucleus. From a similar study of = emitting stars it is found 
however that the proportion of z+ or x°-mesons, or both, that are absorbed 
in the nucleus is much higher. Estimates are made of the mean free path 
in nuclear matter of =-hyperons and 7°-mesons. Most of the one-nucleon 
interactions leading to U-hyperon production take place with protons 
and the transition amplitudes corresponding to the T=1 state of isotopic 
spin is smaller than the 7=0 transition amplitude. 


Introduction. 


Part I (1) of this series of papers was concerned with the emission of 
m-mesons and stable particles from 3035 K~-meson capture stars at rest. We 
now present the results on the hyperons created in such interactions. The 
paper is divided into sections, the first of which explains the nomenclature 
used throughout to describe the different types of event. The second and 
third sections are devoted to an account of the difficulties involved in esti- 
mating the correct numbers of hyperons emitted, and the manner in which 
these problems of identification have been treated is outlined. Section 4 pre- 
sents a summary of the corrected numbers of hyperons so obtained, and the 
relative frequencies of the various interactions and decays of -particles. 


(*) K~ CoLiaBoration: Nuovo Cimento, 18, 690 (1959). 
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Sections 5 and 6 give the data concerning the energy spectra of the hyperons, 
and the characteristics of the K~-stars from which such particles are emitted. 

The final sections of the paper are devoted to questions of interpretation. 
These include the estimation of the importance of K~-interactions with 2 nu- 
cleons compared with those with one nucleon, and the probabilities that the 
secondary m-mesons produced will fail to escape from the nucleus. An attempt 
is made to estimate the numbers of the various primary K~-interaction pro- 
cesses among the capture stars studied and to account for the values of the 
absorption probabilities derived. 


4. — The nomenclature used to describe decays and interactions of hyperons. 


Ag discussed in I, all the prongs with g* > 2.5 from K~-interactions were 
followed to rest or to a point where they decayed or interacted in flight or 
left the stack. The prongs were identified as due to stable particles, 7-mesons, 
y-hyperons or hyperfragments by studying their-ends for evidence of decay 
or interaction. 

The heavy unstable particles emitted from K~-interactions are Dt ls pee 
and A°-hyperons and hyperfragments. &° and A’-hyperons are difficult to 
identify in emulsion investigations of this kind. A few cases have been found 
of a A°-hyperon associated with a K~-star but generally the emission of neutral 
particles goes unobserved. 

Charged &-hyperons may decay in one of the processes 


SS p+, Yn at, DS ae a 


The nomenclature adopted for specifying the different types of decay events 
is summarized in Table I. The sign of the charge of X-hyperons decaying in 


TABLE I. — Summary of nomenclature. 


Term Description . 
R=; “St+p+r at rest 
Pa mt +p+r° in flight 
Ree St+—+nt+tn at rest 
pyres D+>n++n in flight 
Rus x capture stars at rest 
RX, =x giving rise to p ends 
Lae. d+ leaving the stack (*) 
Par y+ interaction in flight 

(*) These have not been identified but their | 
number is estimated in a later ‘section. | 
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flight into a charged z-meson has not generally been determined but 2-hype- 
rons that undergo decay at rest to a charged z-meson have been assumed 
to be x". 


2. — The identification of hyperons. 


The identification of X-hyperons is not always straightforward and consi- 
derable care has to be taken in making allowance for observational losses. 

The emitted z-meson sometimes escapes detection in the case of RX* and 
Fx= decay type. For RX; decays the identification is facilitated by the 
unique range of the decay proton so that the loss factor would be expected 
to be small, but, under certain circumstances, FX? decays can be mistaken 
for proton scatters or for RX, interactions which result in only one prong 
being emitted. The identification of RX also presents difficulty since a large 
proportion of them produce no visible star at the end of their range. 

Owing to the increased difficulty in identifying -hyperon decays or inter- 
actions when either the primary or secondary is dipping steeply it might be 
expected that observational losses would increase in such cases. The distri- 
butions of angles of dip of the identified hyperons and of their secondaries 
were accordingly investigated and it was found that while the secondaries 
were isotropically emitted, the number of steeply dipping primary tracks was 
smaller than expected. Owing to the rather poor statistics it is difficult to 
estimate the magnitude of the correction for this loss or to say precisely at 
what dip angle it became important. It was definitely in evidence for angles 
of dip greater than 60° and not apparent for dip angles less than 30°. To have 
taken a dip angle cut-off as low as 30° would have meant a serious reduction 
of the number of events on which this investigation is based. As a compromise 
therefore a cut-off angle of 45° was employed on the primary &-hyperon tracks 
and only &-hyperons with a smaller dip angle than this were considered in 
estimating the total number of -hyperons emerging from K~-stars. The 
number of events so obtained has then to be multiplied by a factor of 1.4 to 
allow for &-hyperons emitted with angles of dip between 45° and 90°. No 
dip angle cut-off was applied for secondary tracks. 

Even when a dip cut-off of this kind is employed, however, many difficulties 
of identification remain and these are dealt with below. 


21. R&* and FX*. — The decay points of these hyperons should be uni- 
formly distributed in dcpth throughout the emulsion. In fact, there is some 
falling-off in the density of the decay points near the interfaces of the emul- 
sion, indicating that some decay x-mesons escaped detection. The effects of 
observational losses of z-mesons are discussed in detail below. 
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In addition to the loss of hyperons due to the x-meson escaping observation 
there might also be confusion in certain events between the interpretation of 
an FX which decays close to the end of its range and an RX*. From the 
distribution of residual ranges of the decay points of FX= it can be estimated 
that about 10 cases of a decay in flight occurring in the last 200 wm of the 
range of the X-hyperon have been mistakenly classed as being at rest. The 
details of this estimation are set out in Appendix I. 


22, RX. — These events can be identified because, apart from straggling, 
the proton secondary is expected to have a unique range. However, a number 
of RX; hyperons produce 1-prong cap- 


ture stars and if these have a range be- 70 

tween 1500 and 1800 ym they could be 

mistaken for RU* events. Fig. 1 shows oes Pa 

the range distribution of single prongs 

coming from the ends of tracks of al 

x-hyperons that have been brought to 40k 

rest. Interpolating from the number a 

of these prongs with range less than 5 30k 

1500 um or greater than 1800 um itis 2 

seen that the number that would be = © 291 

expected with range between 1500 and =< 

1800 um is 2. Actually the number 10+ 

observed is 61, so that the number of 

RX; events is estimated to be 59 and 50 000 7800 D100" HO0S2700 
it is concluded that the error in this Range (um) 

estimate as a result or RX -contami- Fig. 1. — Length of prong in one-prong 
nation is small. x capture stars or RX; decays. 


2°3. FX*.—- We consider first those F'X;-events which are considered to 
have a residual range > 200 um and are, in general, clearly seen to be in flight. 

If the proton is emitted in the forward direction in the C.M.S., the event 
is easily observed owing to the change in grain density provided that the 
secondary does not dip steeply. There is, however, the possibility that such 
an event is due to the interaction of a &+-hyperon in flight producing one 
fast proton. For this reason all events have been checked to see that the 
energy of the proton, the angle of decay in the laboratory system, and the 
estimated energy of the hyperon are consistent with the kinematics of FZ; 
decay. Since interactions in flight are much less frequent, events which were 
consistent with /'X,;*-decay have been classified as such. 

On the other hand, if the proton is emitted in the backwards hemisphere 
of the C.M.S. the position may be less clear. For a certain range of angles 
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the proton is emitted in the laboratory system with approximately the same 

velocity, and hence the same grain density, as the parent hyperon. An event 

of this kind is indistinguishable from the scattering of a proton. A histogram 

showing the distribution of the C.M.S. 

r decay angle for the definitely iden- 

tified FX, might then be expected to 

[Doubtful events have more events in which the proton 

is emitted in the forward than in the 

backward direction. Fig. 2-a shows 

such an asymmetry, contrasting with 

Fig. 2-b which gives the correspond- 

ing distribution for RX. If the 

doubtful FX; which could also be 

0 az as 755 - 045 ie 3 ia interpreted as the scattering of a 

X Decay angle (degrees) proton are included, the deficiency 

BRS is partly compensated. To introduce 

" these doubtful events, however, 

would lead to considerable uncer- 

tainty. It is more satisfactory to 

consider only the FX* emitted in 

the forward direction to obtain the 

energy spectrum. Assuming an iso- 

tropic distribution in C.M. decay 

angle (*) we later double this num- 

ELE es ber of events to obtain the total 
number of FX. 

For Xt-hyperons decaying with 
residual range < 200 um, it follows 
from the kinematics of the decay, 
that the proton must have a range 
> 200 um so that for such events there is no confusion with proton scattering. 
This is because the length of the prong would imply that at the point of scat- 
tering the proton had a residual range > 200 um. It would, thus, be expected to 
have been seen to be in flight. However, when the residual range is < 200 ym, 
it is not always possible to say with certainty whether the X-hyperon had 
come to rest or not. It is expected, therefore, that there might be some con- 
fusion with RX, in which only 1 prong is emitted. 


— 
(=) 


[S3) 


N° of decays 


— 
ey) 
Lite ] 


oO 


Pan 7 Sal ape 


N2 of decays 


ne a 2 | hase 
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Fig. 2. — Distribution of C.M. angle of 
decay for &-hyperons decaying to protons. 


(*) This procedure is adopted on the basis of the symmetry found for RX. It 
cannot be excluded that a real asymmetry in FD* exists, due to longitudinal polari- 
zation of the X-hyperon at production, but our sample is neither clean enough nor 
large enough to be sure. : 
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The importance of the effect can be gauged by estimating the numbers 
of FXj-decays expected to occur with residual range < 200 um. The time 
taken for a &-hyperon to traverse the last 200 ym of track is 0.96-10-"s. 
There are 38 RX} -decays in the accepted solid angle so that we have observed 
x*-hyperons which subsequently decay to a proton for 38-0.96-10-"% s = 
= 36:10-" s during their final 200 um of track. Taking 8-10-18 as the life- 
time of a &*-hyperon, about 4 events in this category would be expected. 
There are in fact 5 such definitely identified decay events. 


24. RX-. — The basic interaction between a LX--hyperon and a nucleon 
giving rise to a 4 -star is believed to be one of the following: 


a +p—-A°+n, 


Sa +p>h4+n. 


The excitation in the second case is so small that it would be expected to 
give only zero-prong stars, while even in the first case an appreciable number 
of zero prong stars would be expected. Such RX, endings cannot be distin- 
guished from proton endings. 

There is an added difficulty in that when a X”-star consists of a single prong 
of length < 200 um it is impossible to say with certainty that the event is 
not simply a proton scatter, for, as was explained in Section 2°1, a heavy track 
< 200 ym from the end of its range can appear to be at rest. An estimate of 
the correction factor to be applied to the observed number of RX, to take 
account of the RX, and the X giving rise to one short prong can be made 
if one has a knowledge of the prong distribution of X~-stars. 

Such a distribution can be obtained by making a study of interactions of 
K-mesons with the hydrogen in the emulsion to give K~-++-H — &°-+-7*. When 
the interaction takes place at rest, such events can be readily identified since 
they consist of a =-hyperon and x-meson emitted collinearly, the x” -particle 
having a unique range ~ 700 um. Thus, if an event is obtained consisting of 
a collinear « meson and a baryon prong, the baryon having this characteristic 
range, it is known to be a X-hyperon whether it produces a star or not. In 
cases where the interaction takes place in flight, evidence for identification 
of the heavy prong as a X7-particle is very strong from the coplanarity and 
dynamics of the event. A prong distribution for &~-stars can, therefore, be 
made unambiguously, though the statistics are, at present, poor. The colla- 
poration has 20 events of this type of which 11 were found in the G-5 stack 
and 9 in a later stack of K-5 emulsion, and when other published events (?) 


(2) D. J. Prowse: collected by private communication. 


21 - Il Nuovo Cimento. 
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are added there are 63 altogether. These are shown in Fig. 3. In a sample 
of five events consisting of one prong only, two were such that the length of 
the secondary track was < 200 um. 

From Fig. 3 the ratio of the total number of RX to the number of 
RX; = 2.5, while the ratio of all RX to those RX, excluding the ones emitting 


20K collaboration events 


a single prong of range < 200 ym = 3.0+0.8. 
This is the value adopted in the present 
work. It is supported by the less direct 
evidence given in Appendix IT. 


e from G-5 Finally, it must be mentioned that there 
@ emulsion stack are some cases that could be interpreted 
from K-5 as either an RX or a hyperfragment, when 

(b) o ’ 

emulsion stack ” : ‘ 

220 the range of the primary is too short for ac- 
© 43 other events -——— curate measurements, viz. <100 um. It is 
¥ total: 63events possible that some events classified as hyper- 
is fragments are actually X” (see I, Section 5'4). 
> 10 An upper limit can be obtained to the 


number of those short-range -hyperons 
which are accompanied by a z-meson from 
the parent K-star. Of the K-stars emitting 
solely a 7-meson and a short heavy track, 
the latter subsequently producing a secon- 
dary star, there are six that have a’ visible 
energy release less than the maximum per- 
missible for Xi-hyperon production. If all 
these six short tracks are assumed to be pro- 
duced by &~-hyperons, one would expect two 
additional hyperons from K-stars that emit 
stable prongs as well as the X-hyperons and 
m-meson, (see I, Section 5°3-b) making an upper limit of eight in all. It is not 
possible to use similar arguments for events in which no z-meson accompanies 
the unstable baryon from the parent star. However, the energy spectrum 
of X-hyperons given in Fig. 8-c makes it appear unlikely that there could 
be as many as 10 more short & -hyperons in all in the energy range from 
0 to 5 MeV. In the present work, owing to the apparent smallness of the cor- 
rection and to the difficulty of estimating it, it has been ignored. 


VASE 
Ones 2 Omens 
N2 of prongs 


Fig. 3. — Prong distributions of 
x stars where the = hyperon 
originates from a K +H X +7+ 
interaction. (The 43 other events 
were collected by D. J. PRowsE 
from a number of other colla- 
borations). 


2°5. X* interactions in flight. — In following out the prongs from K-capture 
stars a total track length of 12 metres of proton track has been observed and 
a total of 16 interactions in flight producing stars of one or more branches 
recorded. The number of proton interactions expected in this length is of the 
same order. However, three of the interactions appear to give rise to an energy 
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release greater than the kinetic energy of the incoming particle (assuming it 
_ to be a proton) and have thus to be interpreted as X*-hyperon interactions 
in flight. 


26. FX+,. — 15% of baryons with energy between 60 and 90 MeV leave 
the stack before coming to rest. With energy greater than 90 MeV the pro- 
portion rises to 40%. These particles will contain a number of hyperons, and 
an attempt has been made to estimate the magnitude of this loss. 

The method used depends upon the use of an observation time computed 
from the ionization-range data supplied for each track escaping, to form a 
summation probability for the number of hyperons which survive to leave 

’ the stack without identification. Details are given in Appendix ITI. 

It is concluded that of the 76 baryons leaving the stack there are probably 
about 2 &*+ and 6 =--hyperons. Since the escape of particles is predominantly 
through the end plates the loss is greatest among the more steeply dipping 
tracks. 


3. — The effect of the observational loss of 7-mesons on the classification of 
hyperons. 


It is known (see I, Section 3°5) that a substantial proportion of z-mesons 
from K-stars in the present stack escape detection. The analysis of K-inter- 
actions in a new stack in which the z-mesons can be more readily detected 
owing to the greater freedom from background and the higher grain. density 
of tracks of relativistic particles, suggests that it is necessary to multiply the 
number of x-mesons from K-stars observed in the present work by a loss factor 
of about 1.3 to obtain the actual number of z-mesons emitted (*). Evidence pre- 
sented in I suggests that this loss is mainly confined to x-mesons of energy 
greater than 60 MeV. If all the observed losses were of such high energy mesons 
the corresponding loss factor for these mesons would be about 1.8. 

In Table II the observed hyperons are classified according to whether or 
not they were accompanied by a x-meson from the primary K-star. To allow 
for observational losses of x-mesons a certain number of events have to be 
transferred from the «= without x» category to the «X+7» category. It 
appears however that the observational loss factor that must be applied for 
‘this purpose is much smaller than the value of 1.5 deduced for all K-stars. 
The mean energy of mesons from stars from which x-hyperons are emitted 


@) M. C. Awericni, M. Beniston, A. Bonerti, D. H. Davis, M. Di Corato, 
-C. C: Ditwortu, D. Ferrera, E. Frora-Pessoa, W. B. Lasicu, N. N. Raina, M. RENS, 
J. Sacron and A. E. SicurrotLo: Nuovo Cimento, 12, 91 (1959). 
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is less than that from other stars (see I, Table VIII) so that a smaller obser- 
vational loss is expected. Further, an additional re-scan was made of these 
stars and this resulted in the detection of some z-mesons that had previously 
been missed. On the basis of the result of this re-scan and of the depth distri- 
bution of observed z-mesons, assuming losses to occur predominantly at the 
top and bottom of the emulsion, a loss factor of 1.1 has been taken for z-mesons 
from stars in which a &-hyperon is emitted. 


TaBLe Il. — Summary of corrected numbers of all X-hyperons. 


eae ee eee All 5's 
| ** | 
Observed Corrected (*-’) Observed © Corrected Corrected : 
— iin a8 i a 
Type of | Dip | (a) Ig- | (b) As- | Dip | (a) Ig- Ne Assum-| 7 obser- 
event All angles} noring | suming All | angles noring iy eee vational 
dip | less | x obser-| x obser- dip | less | x obser- 1 s ete loss factors 
angles) than | vational vational angles than vational | 086 Snchen set out 
| 45° losses losses | 45° losses | pe. in text 
A (eRe ‘ | in text 
. ar pe Bl 
| 
Wp 34 | 30 40-2} * BI Seo as 64. | 70 13 
pA. l | oeae ee he | i eye = 2 3 4 
| 
ws | 
. 
Rut 44 | — 44 48 15 15 Il 59 
R= 52° | 36 43 | ~ 59 2191 oY 15 74 
Fx* 2S.) OC) (gO eas Loe ime ere as aN 21 64 
Ft at bie ca 38 | 53 = <i | 9 OB 26 79 
pe aa) Noe 1 12 ees La 1 2 
= | | 
Oona a 0 0 sain hy 2. «4 2 2 
= | . | 
Total »* ae == | 1654-20 204-234) a 76415| V76415°] 280se2¢ 
a. 25)/19: | Be 27 | 38 | 26 18 ieee 63 
RE, — | — | 280 54 — | — 76 72 126. J 
Vee aa re UN) jt 9g TO ie i dee 39 44 54 
Bi aes — OT (Qe — 2 2 2 
ip Pies —)— 0 0 — — pe 6 6 
Totals as oe = SE 2220) non 22 1h) == 16125328) 1605232 Vieebleeos 
| | | 
Total of | | | 
| all> | 179 — | 258424 | 295+29)| 137 — 237+35) 236+35 531447 
= | | 


(*) Including 14 in forward direction in C.M. system. 
(**) Including 9 in forward direction in C.M. system. 
(*s*) The values shown in Part I, Table XXI, are somewhat different from these (see also 
Table XI in the following), since there no dip angle eut-off was applied to the observed E-hyperons, 
and the correction for m-meson loss was that given by the depth distribution of m-mesons [smaller | 
than that given by the m/K ratio of Americut et al. (*)]. | 
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Loss of decay x-mesons from RX* and FX= events is to be expected, but 


_ the correction to be applied to obtain the true numbers of such events is dif- 
ficult to estimate. Since the decay x-mesons will have energies above 60 MeV, 


it might be thought at first that an observational loss factor of 1.8 would be 
appropriate. On the other hand there is a strong reason for suspecting that 
the sudden stopping of a baryon track in flight might be associated with the 
emission of a z-meson so that such endings have been scrutinised for an espe- 
cially long time. A considerably lower value of the observational loss factor 
might therefore be expected to apply to FS= events. An upper limit to the 
x-observational loss factor applicable to FX* events can be estimated since, 
if the decay m-meson escapes observation, the event will appear to be a baryon 
stopping in flight. In our sample in which 79 F>= events have been observed, 
18 such stops in flight have been found. If all these stops in flight were to be 
attributed to loss of z-mesons from X= decays the corresponding loss factor 
would be 1.23. A few cases of proton stops in flight would be expected in our 
sample, however, and there may well be some genuine cases of x-hyperons 
stopping in flight. An observational loss factor of 1.2 has been applied to 
FS* events in calculating the numbers given in Table II. When a single 
baryon prong comes from a K-star from which a z-meson has also been de- 
tected, there is a high probability that the baryon is a i-hyperon (see I, 
Table IV). Such baryon prong endings were therefore scrutinised for a longer 
time than it was practicable to devote to all prongs so that a lower observa- 
tional loss factor should be applicable. Greater losses are to be expected how- 
ever in stars in which a m-meson is accompanied by several baryon prongs. 
These comprise only about 20% of all «7+» events. A loss factor of 1.2 
has been applied to all RX* events in which a x-meson accompanies the 
hyperon from the primary K-star to obtain the figures given in Table IJ, but 
there is clearly considerable uncertainty in this estimate. 

The ends of baryon prongs from K-stars from which no x-meson has been 
observed have not been examined with any special care and it appears likely 
that observational losses may have been considerable in such cases. The loss 
factor of 1.8 has therefore been assumed for such events in obtaining the 
figures given in Table II. This figure is based on the fact that the observa- 
tional loss correction factor of z-mesons from K~-stars is 1.3 and the energy 
of the z-mesons from R= events is much larger than the mean energy of 


m-mesons from K~-capture stars. 


4. — The corrected numbers of hyperons. 


In Table II are collected the numbers of hyperons after the corrections 
described in the previous section have been applied. The actual numbers of 
observed events originally classified under each category are also given. The 
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hyperons are further classified according to whether or not they were emitted 
together with a ~-meson from the primary K--star. The errors quoted in the 
Table are statistical errors. 

In view of the uncertainty about the size of the appropriate z-meson obser- 
vational loss factors the corrected numbers of hyperons given in Table II have 
been calculated 


a) assuming no z-loss; 


b) assuming the following values of the z-observational loss factor 
(see Section 3): 


i) For loss of z-mesons emitted together with a %-hyperon 
from the primary K'-star . . . . . - «.. 2) 


ii) For loss of x-mesons from F2= events . . ... = steele 


iii) For loss of z-mesons from RX* events when the hyperon 
is accompanied by a z-meson from the primary K~-star . 1.2 


iv) For loss of x-mesons from R&= events when the hyperon is 
not accompanied by a xz-meson from the primary K~-star 1.8 


There are comparatively few events in this last category so that the numbers 
in Table II are not very sensitive to it. 

The number of FX* events has been estimated by multiplying the number 
of FX* events by the branching ratio, R, between the two decay modes of 
the X*-hyperon. Its value is sensitive to the correction factor for observa- 
tional loss of z-mesons. Since this correction factor is smaller and less uncer- 
tain for hyperons accompanied by a z-meson from the primary K-star, only 
such events have been used in deriving the value of R. Among these stars 
are estimated to be 53 R&S and 65 RX events so that 


no. of 2° => --n | 65 
Rie ae oi 1 08 2027 
io. of Se ne Be ee 


where the error stated is statistical error only. Uncertainty in the true value 
of R arises both from uncertainty in the ~-meson observational loss factor 
and in the magnitude of the correction for misclassification of some 5 FX= 
events as Ru* (*). 

If no correction had been made for z-meson observational loss the ratio 
R would have been reduced to 0.98 while if the correction for the contami- 


(*) The 10 events referred to in Sect. 2.1 have been divided equally among K stars 
with and without a 7, as the number of FZ* is almost equal for each class. 
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nation of RX* by FX* events had not been made, R would have been in- 
creased to 1.38. : 

Removing the FX* events from the general class FX=, the remainder are 
attributed to FX_. The details of this procedure together with the appli- 
cation of corrections for observational loss are set out in Table III. 


TaBLE III. — Estimation of the numbers of FXZ and FXZ. 


x+7 | X without 7} All X’s 

No. of FX of dip < 45° | 30 | 4] 71 
| No. corrected for loss of decay z (x 1.2) es Grea 49 85 
No. corrected for confusion with RUZ (add 10 events) | 41 54 paraon 
No. corrected for all dips (x 1.4) 57 76 133 
| No. corrected for loss of tin K-star (X-+-mevents x 1.1) | 63 70 133 
| No. of FZ; | 43 | 21 } 64 
Estimated no. of FU* using R = 1.23 | 53 26 a re 
Estimated no. of FX; (i.e., FL+ — F=Iz) Lh owl 44 le 54 

| 

| 


An alternative method of estimating the numbers of &* and &~-hyperons 
contained in this class is obtained by following the accompanying 7-meson 
from the K-stars. As was pointed out in Part I, charge exchange effects are 
so small that it can be inferred that the X-hyperon has opposite charge from 
that of the z-meson. It has, in fact, been possible to follow only 13 ~-mesons 
from this type of event, of which 7 were negative and 6 positive. This would 
indicate that the 60 X* hyperons should be divided up as 32 &* and 28 xX”. 
This procedure seems to favour, therefore, a higher number of i” -hyperons 
than was obtained by the first method described, but the difference is not 
statistically significant. As this second method is not applicable for events 
in which the hyperon is emitted without a x-meson, the first estimate based 
on the numbers of FX; and the branching ratio R is used throughout. 

It may be noted that the corrected number of RX, without an accom- 
panying z-meson in the K-star is less than the number of observed events. 
This is partly because some of the decays actually occur in flight close to the 
end of the range of the hyperon (Section 2°1) and partly because the -meson 
from the K-star has sometimes not been observed. For these reasons a few 
events may have been wrongly classified initially. The latter cause also ac- 
counts for the observed number of RX; without an accompanying x-meson 
being apparently larger than the corrected number. 
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Table IV gives a summary of the numbers of L-hyperons of energy greater — 
than 60 MeV classified in the same way as in Table II. Table V summarizes 
the results on the proportion of stars emitting charged X-hyperons and on the 


TaBLe IV. — Summary of corrected numbers of + hyperons > 60 MeV. 


L-+t x without = All &’s 
\ 9 a oe regs co ee ro a Pans 
Type of event | Observed | Observed. 
(all dip | Corrected (all dip Corrected | Corrected 
angles) | angles) 
Fat 1 1 32 45. «> he 
i er oe 0 0 2 2 2 
| | ae 
ee eres | 0 0 1 1 1 
| RE | 0) 0) 2 3 | 3 
> ears 1 | 1 | "7 17 18 
2 pa = | 1 | sie 21 22 
7 | | 
F De or — 0 | — 1 1 
| ee ae 0 | rae 2 2 
Total X* — 2 | — 45 47 
| 
Le 0) 0 5 5 5 
Rz, — 0 ~ 10 10 
F ae — 0 —: 24 24 
DS ee —— 0 — ] ] 
fpHen — 0 | _ 6 6 
Total =- is 0 | a 46 46 
Total all & | 2 () 2 | 49 91 93 
oa | | 
(*) These two hyperons had a dip angle greater than 45°, and an estimated kinetic energy 
just over 50 MeV. The errors in energy determination are such that their true energy may be less. 
These two cases are not referred to in the discussion of Sect. 7. 


=x* branching ratio deduced from the present investigation. The errors quoted 
in the figures given in the Table are statistical errors but estimates are made 
of how these results are affected by the assumed value of the x-meson obser- 
vation loss correction, by the uncertainty in the knowledge of the true ratio 
of RX; events, and by the statistical uncertainty in the true value of R. 

It is seen that the uncertainties in the z-meson observational loss factor 
affect mainly the value of the branching ratio, R, but have much less influence 
on the other values quoted in Table V. 


or 
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| 


Best esti- assuming no consistent with | consistent with 

| mate from m-meson | possible range | possible statis- 
present work | observational of RX,/RXU™ | tical uncer- | 

loss ratio | tainty in R | 


no. of S'+xttn | 1.23 +0.27 0.98 | — == 
~ no. of Ut->7°+p (1.38) (1.14) | 
Proportion of stars 0.176 0.010 0.161 0.160 + 0.192 | = 
emitting charged (0.175) (0.160) | 
x hyperons 
Proportion of stars 0.096 +0.006 0.084 | 0.089-—-0.103 | — 
emitting 4 hyperons (0.097) (0.086) : 
with accompanying | | 
m™-mbeson | 
—_ | 
Proportion of stars 0.029 +0.003 0.026 0.028 —0.030 | — 
emitting charged (0.029) . (0.026) 


= hyperons of energy | | | 
greater than 60 MeV | 


x /a* ratio for all 0.86 +0.12 1.00 | 0.69 -+-1.04 0:72 1.00 


K stars Oni (0.85) | 
| | ‘ / 
x /X* ratio for 1202) 0819 0.98 0:75 "==0:83) |) 10565 30205 | 
hyperons of energy (0.86) (0.80) ) | 
ereater than 60 MeV | | 
| | | 
| | 
~7/=* ratio for 0.45 +0.10 | 0.51 | 0.34 +0.56 0.380053 0 | 
K” stars emitting a (0.38) (0.43) | | 
m™-meson . | | 


(*) The values given in brackets in columns (2) and (3) are those that would be obtained 

if no transfer of events from the RUIZ to the Fz category had been made to correct for 
35 . 4+ 
FX decays mistakenly classed as Kix. 


5. — The energy spectra of emitted hyperons. 


The RX; events are perhaps the easiest of all to distinguish on account 
of the characteristic range (~ 1.7 mm) of the decay proton. There was no 
evidence of loss of steeply dipping tracks for these events and the unique 
range made practicable the distinction between decays at rest and in flight 
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without ambiguity. For this reason the energy histogram of Fig. 4 includes 
X*-hyperons of all dip angles, identified by their Ru* ending. Those hyperons 
accompanied by a m-meson in the K-star are shown cross-hatched. 


Owing to the difficulties of identifi- 
cation introduced when the hyperon dips 
steeply in the emulsion, all the remain- 
ing energy spectra are based solely on 
events where the dip angle is < 45°. 


10 
s) , 
; Hone accompanying mT 
7 with accompanying 7 
6 s 

e 44 with re 

= 5 : 

> 15 without nm 

1A 

oO 

Rise 5) 

(oe) 
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Energy of hyperon MeV 


Fig. 4. — Energy spectrum of &* hype- 
rons that decay to a proton at rest. 
(All dip angles included): 


a 
without accompanying n 
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rime) 
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Fig. 5. — Energy spectrum of &* hype- 
rons that decay to a m-meson at rest 
(dip angle of & < 45°). : 


Fig. 5 gives the distribution for RX; events. It was shown earlier that 
there was reason to expect about 10 events in this distribution which are in 


6 

5 a) 

4 

3 

2 
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2e0 
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= Energy of hyperon MeV 
= 
aS 
Raa b) 
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2 
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fact FX=. As there is no method 
of distinguishing which of the 
events have been wrongly clas- 
sified they are all included in 
Fig. 5. 

Fig. 6-a, shows the spectrum 
of energies for definitely identi- 
fied FS of dip angle < 45°. 
A bias possibly exists in this hi- 


Fig. 6. — Energy spectrum of &* 

hyperons that decay to a proton in 

flight. a) All CMS decay angles. 

b) Forward decays in CMS only 
(dip angle of & < 45°). 
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stogram as some events in which the proton decays backwards in the C.M.S. 
are missed and this loss is correlated with the energy of the primary particle. 


Because of this Fig. 6-6 is 
also given, being based on 
only those X-hyperons in 
which the proton decay is in 
the forward hemisphere in 
the C.M.S. Mention must 
be made of the effect of hy- 
perons leaving the stack un- 
detected. These are almost 
exclusively high-energy par- 
ticles and would be expected 
to affect especially those 
categories in which the 2- 
hyperon decays in flight. 
As was seen earlier, about 


N° of events 


—- NW FOOD 1 @DM OO 


oO 


oO 


(with accompanying 
| without accompanying tT 


30 with n 
41 without tw 


20 


40 60 80 
Energy of hyperon 


100 =120 
(MeV) 


140 160 


Fig. 7. — Energy spectrum of &+ hyperons that decay 
to a m-meson in flight (dip angle of = < 45°). 


2 Xt-hyperons are expected to have been lost. This is not serious and so the 
histogram is considered to be almost free from bias. 
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Fig. 7 which shows the energy di- 
stribution of L-hyperons that decay to 
z-mesons of either sign in flight, might 
be expected to be more affected by 
hyperons that leave the stack. If all 
the &X-hyperons leaving the stack had 
decayed in flight, it is expected that 
there would be about 6 FX_ and 1 FXe 
to add to the number observed. These, 
however, will be predominantly steep 
hyperons, for most of the fast baryons 
not followed to rest had large angles 
of dip and left the stack through the end 
plates. It is concluded for this reason 
that, while a few events perhaps should 


Fig. 8. — Energy spectrum of = hyperons 

that come to rest (dip angle of & < 45°). 

a) = hyperons producing a star with more 

than one prong. 6) & hyperons producing 

1 prong only of length greater than 200 um. 
c) a) and b) combined. 
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be added at the high energy end of the spectrum, Fig. 7 is not greatly diffe- 

rent from the true shape of the distribution. 
Fig. 8 gives the energy distribution of &-hyperons which subsequently 
come to rest to produce stars. Fig. 8-a shows the spectrum of those which 
produce a star of more than 


28 1 prong, while Fig. 8-b con- 

26 tains =~-hyperons which give 

, rise to 1-prong stars with 
20 the prong length greater 

18 a) than 200um. These distri- 

16 butions are seen to be essen- 

14 tially the same, as would be 

a expected, and so Fig. 8-¢ 

- combines them both into 

, one histogram. There are, 

b however, two possible sour- 

2 2 ces of bias. One concerns the 
3 ) 40 6 80 high-energy tail of the spec- 
S Energy of hyperon (MeV) trum where perhaps some 
2 A A events have been undetected 
5 because the hyperons leave 

4 the stack. This effect is ex- 

2 pected to be small, amount- 

0 70 4060 80 100 120140 160 ing to not more than one or 
Energy of hyperon (MeV) two events. At the low ener- 


Fig. 9. — Energy spectrum of all &* hyperons. a) & gy end, amihigu 


hyperons accompanied by z-meson (203 events — cor- exists between low energy 
rected number of © hyperons less one interaction in xX -hyperons and hyperfrag- 
flight). b) & hyperons not accompanied by z-meson ments of short range, so that 
(73 events — corrected number less one interaction the number of events in the 
in flight and two lost from stack). interval 0 to.B Mavis eatnee 
uncertain (see Section 2°4). 
Figs. 9 and 10 show the energy distribution of all &* and ~-hyperons 
respectively both when accompanied and when not accompanied by a z-meson 
from the K-star. These are obtained by normalizing the histograms for the 
various types of event to the appropriate corrected numbers in Table II. The 
normalized histograms are then added to give the composite ones. Events of 
type /’u* were assumed to have the same distribution as FX; , and their con- 
tribution was subtracted from the FX+ distribution to obtain that of FX-. 
Finally, Fig. 11-a,b combines Figs. 9-a,b and 10-a,b to give the energy 
spectrum of all charged S-hyperons. 
It will be noticed that the energy spectra of the L-hyperons depend mar- 
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kedly upon whether there is an accompanying x-meson or not. The spectra 
of both X*- and &-hyperons display this feature. This is attributable to the 
fact that a L-hyperon emit- : 


ted without a x-meson could 20 
have arisen either from a ial 
one-nucleon interaction of 16 G2 
the K-meson in which the hy 
a-meson has been absorbed va 


or from a 2-nucleon inter- 8 
action. This second process 6 
generally produces more 4 
G 
0 


a 


energetic X-hyperons and 4 er 
. ° . jos 
gives rise to the high energy © 2 ZO 60 
: . . o 
tails in Figs. 9-b and 10-b. W Pa acter AMEN) 
: F 2 7X0) 
The 2-nucleon interactions S18 
of K-megsons are discussed 16 
further in Section 7. 14 b) 
Secondly for hyperons 12 
accompanied by 7 mesons 40 
there is a difference between 8 
the spectra for &*- and X”- : 
hyperons. This is due to the 9 
presence of the Coulomb po- 
: 0 20 LO 60. BOs 1005 ZOO weno 


tential, V,, which has the Energy of hyperon (MeV) 
effect of reducing the kinetic 


Fig. 10. — Energy spectrum of all =~ hyperons. 
energy of the X~ and in- a) & hyperons accompanied by z-meson (91 events). 
creasing that of the &*. b) = hyperons without accompanying 7m-meson 

If in Fig. 11-a, the or- (152 events) (corrected number of = hyperons 


less 2 interactions in flight and 6 estimated lost 


dinate axis is displaced 
from stack). 


15 MeV to the right the 

distribution becomes very 

similar to Fig. 11-b. This is consistent with a Coulomb potential well of depth 
about 7 MeV. It has been suggested by Capps (*) that =*-hyperons of energy 
less than 7 MeV must arise mainly from interactions in light nuclei and he 
estimated that on his model of the K~-interaction process in a nucleus, about 
10% of all X*-hyperons from light nuclei should have energy less than 7 MeV. 
Indeed, no fewer than 18 X*-hyperons were observed to be emitted with an 
energy of 7 MeV or less, ¢.¢., about 10% of all identified &*-hyperons. If 
Capps’ estimate is reasonable this would suggest that a very substantial pro- 


(4) R. H. Capps: Phys. Rev., 107, 239 (1957). 
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portion” of all K~-captures 


- must occur on light nuclei. 
28 Alternatively, if, as seems 
24 indicated by other conside- 
20 rations (Section 10), the K-- 
hi capture occurs predominant- 


ly on the periphery of the 
nucleus, the Coulomb barrier 
would be much less effective 
in inhibiting the emission of 
low energy &*-hyperons from 
heavy nuclei. 


160 


60 100 12 140 
Energy of hyperon (MeV) 


N° of events 


Fig. 11. — a) Energy spectrum 
of all &* hyperons. b) Energy 


60 80 100 120 i = 
Energy of hyperon (MeV) spectrum of all & hyperons. 


6. — The characteristics of the K~-stars emitting =-hyperons. 


Tables VI and VIII (Section 7) give the prong distributions of K-stars 
from which X-hyperons of either sign have been emitted. These distributiors 
are compiled in the same manner as the composite histograms for the energy 
spectra of the X-hyperons (Figs. 9-11). The distributions associated with 
u-hyperons undergoing different types of decay and interaction are each se- 
parately normalized to the corrected number of events in Table II. These are 
then added to get the complete distribution. This procedure is necessary since 
the characteristics of the K-star depend upon the energy of the hyperon emitted 
and the higher energy hyperons have more chance of decaying in flight than 
those of lower energy. It has been seen earlier that the efficiency of detection 
of the different types of event varies greatly. For this reason it is essential that 
the individual distribution associated with each specific type of event should be 
correctly normalized before compounding them to obtain the final distribution. 

The types of star are divided according to whether the X-hyperon had an 
energy less than or greater than 60 MeV. This is because L-hyperons of energy 
above 60 MeV are only produced in multi-nucleon K--interaction processes 
while X-hyperons of energy less than 60 MeV are mainly produced in K~-inter- 
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actions with a single nucleon, although multi-nucleon interactions may also 
contribute. 


TaBLE VI. — Stable prong distributions of K stars emitting © hyperons (*). 


(Energy of hyperon < 60 MeV) (numbers of hyperons normalized to agree with Tables IT, 
column (b), and IV and Figs. 9 and 10) 


ee of stable prongs 0 | ia wot Ss | 3 4 5 
5 ee | | 
Type of events Wisasee. No. of events 
x*-hyperon emitted with 165 24 8 6 | Oe a0 
™-meson | 
x -hyperon emitted with 74 12 0 0 D 0) 
m™-meson 
&*-hyperon (energy <60 MeV) rey ee ee ee ey 
emitted without ~-meson | 
| 4 _ = 
= -hyperon (energy <60 MeV) — 20 22 rp 26 25 3 
| emitted without z-meson | | 


(*) The distribution in these table includes Pst events for which the sign identification 
is not certain. These have been divided between &+ and XZ in the proportions estimated in 
Tables II and IV. 


The distributions for stars in which either X*- or X--hyperons are emitted 
with energy less than 60 MeV and without accompanying z-mesons undoubtedly 
also contain some events in which a charged z-meson has been emitted but 
has eseaped detection. Evidence for this is seen in the prong distribution. It. 
is a striking feature of the « X-+7 » events that a large proportion (about 80%) 
are without other stable prongs. A large proportion of the events in which a 
x*-hyperon of energy less than 60 MeV is emitted without accompanying 
charged z-meson also have no other stable prongs, as would be expected if 
there is a contamination of « =++7-» events in which the z~ has been lost. 
The effect is less marked in the case of stars emitting a & -hyperon because 
there are fewer « X>-+7+ » events. 

The distribution of total visible energy release in stable prongs accom- 
panying hyperon emission is given in Table VII the events being classified 
in the same categories as in Table VI. In compiling Table VII an allowance 
of 8 MeV binding energy has been added for each stable prong. 
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TABLE VII. — Total visible energy release in stable prongs of K~ stars emitting X&* and 
x -hyperons (*) (Energy of hyperon <60 MeV). 
(numbers of hy perons nonmalzed to Hes ois with Tables TT and IV and Figs. 9 and 10). 


Total visible energy 0=10 10+ (20+ 30~ 40+ 60- | 80 100 /120-~|140-~ 


| Foleo gneve sot 3a8 40 -60 | 80 | 3 100 +120 +140] +180 
| | | 
Type of event | Wo. of events 
3 eae (ere Sea ates. 
| =” hyperon (emitted | 172 9 | 3a) Wa 4) 0 0 ee 
with 7-meson) (168) (™) | | | | | 
aes . | | | 
| 
x hyperon (emitted | 77 6 0 ee tee 0 Oo; — | — | — 
with 7~-meson) ec | | | 
2 i | | 
S* hyperon (energy | 17 Nr talline 2p ts Ove — | — 


< 60 MeV) emitted | (17) | | 
without m-meson | | 


x hyperon (energy 26 ; 8 | 
_< 60 MeV) emitted (20) | | | | | 
without z-meson | 


(*) The numbers in brackets refer to the number of zero prong events. 
(**) The distribution in these table includes F=z events for which the sign identification 
is not certain. These have been divided between ©*+ and =~ in the proportions estimated in 
| Tables II and IV. 


7. — K” interactions with two or more nucleons. 


Some 47 cases of the emission of fast hyperons (kinetic energy > 60 MeV) 
were observed among the 316 hyperons identified (i.e., about 16% of all hype- 
rons identified had an energy above 60 MeV). Since there is a sharp cut-off 
near 60 MeV in the energy spectrum of &-hyperons accompanying z-mesons, 
these fast hyperons have to be attributed to processes in which no z-meson 
is produced. The possible processes, involving two nucleons are set out below: 


(i) K°-+p+p>2t+n 
(ii) K-+p+p+2°+p 
(iii) Gases ANE 
(iv) Kr Sale ap 
(v) Kan pp So 
(vi) Koncept ae 
(vu) Kr St nee nie an 
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Further processes involving more than two nucleons are also possible. 

Ten high energy L-hyperons have been identified as &*, five as X~ and 34 
have not had their signs identified. Two of these interacted in flight pro- 
ducing an exothermic energy release while the rest decayed, (x+ 7) in flight. 

The ten identified high energy &* include 1 RUS, 2 RX and 7 FX>. 
The corrected number of FX; is 17 (*) and assuming the branching ratio R 
to be 1.23 the number of FX+ is 21. The estimated number of &*-hyperons 
leaving the stack or interacting in flight is 4 and the total corrected number 
of Xt-hyperons of energy greater than 60 MeV becomes 45 + 17. 

On correcting for observation loss of high energy &~-hyperons the number 
of RU- becomes 15, of FX= 24, while 7 events in all are estimated to leave the 
stack or interact in flight. 
This gives for the total 
number of &-hyperons 
of energy greater than 
60 MeV, 46+ 14. 

Tf none of the &-hy- 
perons of energy less than 
60 MeV were attributed 
to multi-nucleon proces- 
ses the percentage of all 
charged hyperons produ- 
ced in such processes = 47g GO 80 160 120 140160 160 200 220 
would be (16 + 6)% for Energy of hyperon (MeV) 
xt and (18 +5)% for 
x=. If all the observed 
charged hyperons of ener- 
gy less than 60 MeV and 
emitted without accom- 
panying m-mesons were 
attributed to multi-nucleon processes, upper limits of (27 2. 8)°4: of alla? 
and (64 +10)% of all X would be obtained. 

A better estimate of the numbers of charged hyperons from two nucleon 
processes, emitted with energy less than 60 MeV can be obtained from a con- 
sideration of their expected energy distribution. 

In Fig. 12 the expected energy distributions of X* and 2X -hyperons from 
two-nucleon processes have been calculated for the momentum distribution 


Ne of events (arb. units) 


Fig. 12. - Energy spectrum of hyperons from two- 
nucleon processes. 
1) &* from K +p+p— x*+n; 
2) & from K-+p+n—>2 +p. 


(*) Of the 7FX; referred to, all had dip angles less than 45° and 6 were emitted 
in the forward direction in the CMS. Assuming therefore isotropy in dip and in 
C.M. decay direction the corrected number of FX; decays= 6X 1.4xX2= 17. 


22 - Il Nuovo Cimento. 
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of nucleons in the nucleus: 
(1) N(p)dp = Nop* exp [— p?/a?| dp , 


with «=160 MeV/c, V;=—15 MeV, V,;=—15 MeV, and assuming the sum 
of the binding energy of the two nucleons involved and the residual excitation 
of the final nucleus to be 40 MeV (*). These curves suggest that about 13% 
of all S*-hyperons and 26% of all X~-hyperons from two nucleon processes - 
should be emitted with energy less than 60 MeV. Assuming then that the 
multi-nucleon processes involve two nucleons only, the estimate of the total 
number of &’s emitted in such processes becomes 52 for X* (i.e., 19% of all *) 
and 62 for X (i.e., 25% of all X). Fig. 12 has been calculated assuming 
the hyperons do not lose energy in collisions in escaping from the nucleus. 
In I (Sections 5°2.1) the conclusion that little, if any, such energy loss took 
place, was reached for X-hyperons produced in association with 7-mesons. 
It does not necessarily follow for the faster hyperons produced in multi-nucleon 
processes. Comparison of Fig. 12 with the energy distributions given in 
Figs. 9-b and 10-b should give information on this point but unfortunately 
the statistics are not yet sufficiently good to enable very definite conclusions 
to be drawn. Any such collision loss would shift the maxima of the curves 
of Fig. 12 toward lower energies and thus increase the present estimate of the 
total number of two-nucleon processes so that the figures given should be 
regarded in the nature of lower limits. In these calculations it has also been 
assumed that the absorption probability of the &-hyperons does not depend 
on their energy. This assumption is open to serious question. If, as in the 
case of m-mesons the absorption cross-section increases at high energies, the 
numbers of hyperons of energy less than 60 MeV will have been underesti- 
mated further. 

To obtain the total number of primary processes giving rise to the pro- 
duction of &* and &7-hyperons it is necessary to allow for the probability 
of absorption of the fast hyperons before emerging from the nucleus in which 
they have been produced. If the absorption probability can be taken to be 
the same as for the slower hyperons produced in one-nucleon interactions 
(~ 0.5) the total number of primary processes \i) and (iv) in the stars we 
investigated comes out to be about 100 for each. Insufficient is known about 
the X interaction with nucleons to permit an assessment of the validity of 
this assumption. In the case of m-mesons the cross-section for absorption in 
nuclear matter is believed to increase practically linearly with momentum 


(*) There are many uncertainties in this calculation. For instance Vy is not known 
to better than within +10 MeV (see I), while it is not certain what value should 
be taken for Vy; for low energy K-mesons. 
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_ Over a wide range of energy (FRANK, GAMMEL, WATSON) (*). If the X-hyperon 
_ absorption cross-section behaves in the same way the estimates of the numbers 
of two-nucleon processes would be substantially increased. 

Assuming charge independence, a further 100 &°-hyperons would be ex- 
pected, and the total number of two nucleon processes leading to X-hyperon 
production in the stars we have measured would come out to be about 300 i.e., 
to about 10% of all the K~ interactions investigated. This is probably a consi- 
_ derable underestimate. It would be increased if any appreciable energy loss of 
_ X-hyperons occurred in escaping from the nucleus since this would increase the 
proportion, emitted with energy less than 60 MeV. It would be increased fur- 
ther if the & absorption probability increases with energy. 

Some estimate of the relative importance of the various possible two- 
nucleon processes (i)—(vili) may be obtained from a study of the stars accom- 
panying fast hyperon emission. Table VIII gives details of such stars accom- 
panying definitely identified fast X-hyperons. 

In this Table the numbers in brackets give the number of stars that con- 
tained a stable prong corresponding to the emission of a baryon of energy 
greater than 30 MeV. 

The occurrence of reaction (1) is established by the observation of X&*-hype- 
rons which, neglecting charge exchange, can only arise from this source. It 
is seen from Table VIII that among the 10 identified high energy X*-hyperons, 
5 had no accompanying stable prongs from the primary K star. This indi- 


Taste VIII. — Stable prong distribution of stars emitting fast hyperons (> 60 MeV). 


No. of prongs 0 1 | 2 3 | 4 : 5 
| = i ————- ~: | ———— = 
ee 5 ra? Gy a es 1 0 
Hog 4 8 (5) 8 (4) 3 (2) 5 (2) 1 
aa 0 ers sl) 0 i eral 0 


cates that the neutron in reaction (1) has about a 50% probability of escaping 
from the nucleus without giving rise to other charged particles. All the 5 defi- 
nitely identified X--hyperons are accompanied by prongs from the K-star. 
Further, for the +-events, only about one seventh are unaccompanied by 
other prongs. Since about half these hyperons are it, it appears that few 
of the fast X~-hyperons can be unaccompanied by other prongs on emission 
from the K-star. 

This suggests that processes (vii) occurs comparatively rarely, if at all, and 
that the greater part of the X~-hyperons are produced in process (iv), accom- 
panied by a fast proton. 


(5) R. M. Franx, J. L. Gamer and K. M. Warson: Phys. Rev., 101, 891 (1956). 
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Assuming charge independence, expressions can be calculated for the rela- — 
tive transition rates for the processes (i)—(vil) in terms of three complex ampli- 
tudes (see Appendix III). To determine these uniquely, five independent pieces 
of information would be needed. If it can be assumed that process (vil) is 
very rare, aS our data would suggest, some simple relations follow, viz. 


IN aaa ay N= 3, 


where WV, is the transition rate for process (1), ete. In this case the number 
of primary processes (ii) and (v) would each come to be about 50. 

There is no basis for estimating the number of two-nucleon processes leading 
to A*-hyperon production in processes (iii) and (vi). The maximum energy 
of fast protons that are produced in a two-nucleon process in association with 
a L-hyperon is about’190 MeV and a few protons of energy greater than this 
have been observed. These might be attributable to a A° production process, 
but it is also energetically possible to produce such fast protons as a result 
of the absorption of fast m-mesons by pairs of nucleons. What can be said 
with confidence from the present work is that the proportion of all K~-inter- 
actions. with more than one nucleon in emulsion nuclei is not negligible. It is 
unlikely to be less than 15% of the total number of K~-meson captures and 
could be considerably larger. 


8. — The absorption probabilities for ~-mesons in the nuclei in which they 
are produced. . 


The single nucleon interactions of K~-mesons which result in the production 
of m-mesons are 


(vill) K-+p>ht4+n- 
(ix) 1p ee 
(x) K-+p—> 2°47? 
(xi) kK +n—>X°+7° 
(xii) K-+n—> 2° +77 
(xiii) K-+p>A°+7° 
(xiv) Kee ae AS 


We confine ourselves to interactions in which a &* or &~-hyperon has been 
emitted, and of these consider a further subdivision according to whether or 
not, in addition, a charged m-meson has also been emitted. If a m-meson 


z 


THE INTERACTION OF K -MESONS WITH PHOTOGRAPHIC EMULSION NUCLEI - II 341 


emerges from the nucleus it is defined as being non-interacting, even though, 


in these circumstances, it may have undergone an inelastic collision within 


the nucleus. 

In this Section we estimate the absorption probability, p(7) of the x-mesons 
produced in one of the reactions (vili)-(xii). We do this by comparing the 
number of cases in which a &-hyperon of either sign is emitted with and without 

ah accompanying x-meson. In this way we shall obtain an estimate for the 


absorption probability of the x-mesons produced in stars in which a &-hyperon 


is emitted. The chance of emission of a X-hyperon is greater if its initial 


» direction of motion is outwards from the nucleus. However, as noted in I, 
the accompanying z-meson will then most probably be moving into the nucleus 


and its chance of absorption will be correspondingly increased. It would be 
expected therefore that the estimated value p(x) will be greater than the 


_ average value p,(z) for all z-mesons, irrespective of whether or not the &-hype- 


ron, produced together with them, escapes. It is this latter absorption pro- 


-bability, po(x), which is needed in the calculation of the total number of 
_ m%-mesons produced in primary processes so that an attempt will be made to 


estimate it later. 
The estimates p(x), p.(~) made in this way are not applicable to the faster 


- m-mesons from reactions (xiii), (xiv), accompanying A°® formation. Since the 


emission of a A°-hyperon can only rarely be detected using the emulsion 
method, it is not possible to obtain an estimate of the appropriate absorption 
probability, p(x). 

Since the values of p(x-) and p(zx+) are obtained from the study of stars 
in which a charged & is emitted, they refer to primary K~-interactions with 
protons. If the seat of the interaction with neutrons is different from that 
with protons, it would not be legitimate to assume the same absorption pro- 
babilities to be applicable in this case. 


81. The x- absorption probability. — Only in reaction (viii) may a >a 
hyperon be produced in a single-nucleon interaction. This makes it possible 
to estimate p(x-) with relatively little ambiguity. 

The total observed number of identified X*-hyperons of energy less than 
60 MeV is 159 and of these, 41 have no identified accompanying x-meson. 
If all 4*-hyperons were supposed to originate from reaction (viii) these figures 
would imply an absorption probability, 


41 
ye = 0.26 40.04, 
p(n) = s55 = 0.26 £0 


The value is certainly an overestimate since some of the 41 events will 
be due to multi-nucleon processes (of type i) in which the x*-hyperon is 
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emitted with energy less than 60 MeV. Others will be events in which the 
x--meson has been emitted but has escaped detection. On the other hand 
some RY* and FX. decays will have been missed through non-observation 
of the decay m-meson. 

After allowing for these and other losses or misclassifications, and taking 
account of the FX* events, it is estimated (see Tables II and IV) that in our 
sample the total number of X*-hyperons of energy less than 60 MeV emitted 
was 233, and 31 of these had no associated ~ meson. Further, it has been 
estimated (Section 7) that 7 of these latter arose from multi-nucleon pro- 
cesses, thus leading to a more realistic estimate of 


p(n) = sax > = 0.10 + 0.08 . 


The actual uncertainty is larger than the statistical error quoted. There 
are three sources of uncertainty, two of which will tend to lower and the 
third to raise p(x). The correction for multi-nucleon processes may be too 
low. If it were doubled, p(x~) would be reduced to 0.07. The observational 
loss of x-mesons from K~ stars may be underestimated, In Table II it has 
been taken as 10%. If it were doubled, p(x~-) would be reduced to 0.03. 

On the other hand observational losses will be greater for RX* decays when 
no = meson accompanies the hyperon from the K-star. Allowance has already 
been made for this in Table II where loss factors of 1.2 and 1.8 have been 
assumed in the two cases. This differential loss may have been underestimated. 
Even if the two loss.factors had been taken as 1.2 and 3.0 respectively, p(z~) 
would only have been increased to 0.16. 

It has already been pointed out (see Section 6) that the distribution of 
stable prongs from stars in which a &*-hyperon is emitted without an accom- 
panying ~-meson provides a priori evidence for observational loss of emitted 
m-mesons. After correction has been made for observational loss and multi- 
nucleon production this prong distribution should be characteristic of s~-meson 
absorption stars, so that it is of interest to compare it with that for stars pro- 
duced by incident z-mesons. 

The main results with which comparison can be made are those of BER- 
NARDINI and Livy (*) and of FERRARI et al. ("), which refer to x--mesons of 
energy 35 to 90 MeV and 120 MeV respectively. Some recent work of MAJor (8) 


(°) G. BERNARDINI and F. Livy: Phys. Rev., 84, 610 (1952). 

(*) G. Ferrari, L. FERRETTI, R. GessaRoui, E. Manaresi, E. PepREtTT1, G. Puprt, 
G. QuarRENI, A. Ranzr, A. Stan@HeLtini and 8. Srantic: Suppl. Nuovo Oimento, 
4, 914 (1956). 

(*) J. V. Magor: private communication. 
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gives significant results for 86 MeV z--mesons. The relevant data in our case 
are those of BERNARDINI and L&vy (°) based on 104 events, and of MAJoR (3) 
based on 379. In Table IX are given the prong distributions found by these 
authors and also that of the 41 events we have found in which an identified 
*-hyperon of energy less than 60 MeV is emitted without an accompanying 
m-meson. The figures are expressed as percentages. The abnormally high 
number of zero-prong stars in the K~-stack events is evident, and this is in 
agreement with the view that there is a contamination of « X*-+-7~ » stars in 
which \the z-meson has escaped detection. Also Table VIII suggests that ap- 
proximately half the multi-nucleon events contained in this sample will con- 
tribute to the zero-prong category. The « K-stack corrected » distribution is 
that obtained after allowance for z-meson observational loss and multi-nucleon 
contamination. It is consistent with that expected for x capture stars. 


PABURALX. = Stable dick catribuinon ons Te sa biden stars tagutes are in b peroguneeey 


5 5 
| 0 Pe a nec iag £8 4 5 6 | 
| zt yoga, oom via va: | 

K- stack | 65 Soya eb by he AO by 3 05 = ineD 
BERNARDINI and Livy | 12 36.1 ln 26 Peete ae Zo) Nhe) gs at 
Masor | 26 23 | 24 | 16 8 3 0 
| | | | | 
| | } } | 
K-stack corrected ) 85 30 20 We igis)| 0) 0 | 0 | 


It is concluded that the value of p(x-), the absorption probability of x 
mesons produced in association with &*-hyperons is surprisingly small. Making 
reasonable assumptions about the size of the various observational losses its 
value can hardly exceed 0.16 + 0.03 and could be as low as 0.07 + 0.03. 
Estimates of p,(x-), the absorption probability applicable for all ~-mesons 
produced in reactions (viii) and (xii), are made in Section 10 for different 
assumptions about the mean free path for the absorption of xX-hyperons in 
nuclear matter. It appears that p,(x—-) ~ 0.75p(x-) so that po(x~) lies between 
0.05 and 0.12. 


82. The absorption probabilities for x+ and x°-mesons. — The production 

_of a = --hyperon may occur through either of the primary processes (ix) or (xi), 
accompanied by the production of a m+ or m°-meson respectively. The relative 
number of cases of emission of a U~-hyperon without accompanying z*-meson or 
other prongs depends on the absorption probabilities, p(x*), p(x°) and ¢, the 
a priort probability that the X~-hyperon has been produced in reaction (xi). 
Neglecting the mass difference of z+ and x°-mesons, the X~-hyperons pro- 
duced in (ix) and (xi) might be expected to have the same energy spectra, 
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so that ¢ is also the fraction of emergent L~-hyperons that were originally 
produced in reaction (xi). The analysis is naturally much more complicated 
than that leading to the estimate of p(z—), and it leads to two relations between 
p(t), p(x) and ¢. 

There are 26 observed 4 ~-hyperons (of energy less than 60 MeV and dip 
angle less than 45°) emitted without, and 19 emitted with, an identified ac- 
companying charged z-meson (assumed to be a z+-meson). Those without an 
accompanying z+-meson are expected to be a mixture of events in which the 
mt-meson was absorbed or escaped detection, a m°-meson was created, or the 
K--meson interacted with more than one nucleon. Table X shows the prong 
distribution of the stars from which the 26 definitely identified %~-hyperons 
were emitted; both the actual numbers of events and the percentages are 
given, the latter for comparison with the prong distribution of 115 z* absorp- 
tion stars observed by BERNARDINI and Lm&vy (*) and the 62 observed by 
SHAFI and PROWSE (°). 


TaBLE X. — Stable prong distribution of stars in which a X hyperon is emitted (without 
m+-meson), compared with the observed prong distribution of x*+ absorption stars. 


No. of prongs 6 1 2 3 | 4 5 6 th 
Le eee ae = i- aly 
(1) K~ stars in which 4 emitted 
without identified «+ 
; 
| Actual number of stars (*) 5 6 2 | 7 5 J 0 0 
Number expressed as a percentage | 19 23 8 | 27 19 + 0 0 
| | | 
ok eee eee ee 
(2) z+ absorption stars 
Number expressed as a percentage | 
1) BERNARDINI and Livy 0 9 23 le27, 16 | 13 5 2 
2) SHarr and PROwSE 5 10 18 25 16 13 13 — 
(*) This prong distribution differs from that given in Table VI for stars emitting =~ hyperons 
without an accompanying m-meson. Only definitely identified =~ events are included here. 
The distribution in Table VI included a proportion of stars emitting a hyperon identified as 
F<Lz that could not be definitely identified as L-. 


A feature of the prong distribution of the stars from which a -hyperon 
is emitted without identified 7*-meson (we call these category A stars) is the 
smallnumber of cases (5 in 26) in which there are no other stable prongs. 


(*) M. Suarr and D. J. Prowse: Padua-Venice Conference Report (1957), p. x-2. 
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By contrast, 17 of the 19 stars in which a x+-meson accompanies the > -hyperon 

q category B stars) have no other stable prongs. 

BERNARDINI and Livy found no cases of zero prong events among their 
+ absorption stars. In later work SHAFI and Prowse (°) found 3 zero-prong 
events among some 62 interactions of z+-mesons in which the meson failed 
to emerge. We conclude the number of zero prong stars due to x* absorption 
in our category A stars is 0 or 1. Some of the apparent category A stars must 
be attributed to category B stars in which the emitted x+-meson has escaped 
detection. The estimate of this number of wrongly classified stars is 1 or 2, 
and they would be expected to be without other stable prongs. 

As already pointed out, category A will also include stars in which a 7° 
has been emitted. These would be expected to have a prong distribution similar 
to category B, i.e., they will consist mainly of zero stable prong events. But 
there are only 5 such events among the category A stars and between 1 and 3 
are already accounted for. We conclude that the number of cases of x° emis- 
sion must be very small. We estimate between 2 and 4 such cases in the 
present sample. This allows for one case of 7° absorption producing a zero 
prong star. 

Some of the events in category A must be ascribed to multi-nucleon pro- 
cesses. In Section 7 it has been estimated that 16 of the 114 cases of emission 
of a =~-hyperon of energy less than 60 MeV without an accompanying 7-meson 
are produced in multi-nucleon processes (i.¢., about one seventh of the total). 
In category A, therefore, 4 stars should be attributed to two-nucleon processes 
and these (see Section 7) would all be expected to be accompanied by stable 
prongs. The remaining 16-19 events with stable prongs in category A must © 
be ascribed to events in which a x° or x+-meson is absorbed. The prong distri- 
bution agrees, within statistical error, with that found experimentally for 
n+ absorption stars as does the proportion of stars in which a fast proton 
(> 30 MeV) is emitted; (53% compared with 59% for x* absorption stars). 
These measurements lead therefore to an estimate of a mean absorption proba- 
bility, p(x+, x°) for x+ and x mesons produced in stars in which a x” -hyperon 
is emitted of 

16—19 
26 9 == 3 


= 0.38 + 0.45 (40.12). 


8°3. The separate x+ and x° absorption probabilities and the number of cases 
of emission of X-hyperon and r-meson. — We now attempt to separate the 
individual absorption probabilities p(x+), and p(x°). We define a as the frac- 
tion of S--events in which a x+-meson is emitted and have the relation 
196 (Lor 2) 


— 20.5. 


(2) w= (1—C)(1— ple") = Se aga = 
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Similarly we define 6 as the fraction of these events in which a 7° is emitted 
and have 


(3) B = (1 — pi) = =, = 0.05 +0.1. 


The relationship between ¢, p(x*), p(x°) is shown in graphical form in 
Fig. 13) For ¢= 0:5, 6 =045, 00. 

It is seen that if p(x+)= p(x-) (= 0.1) as would be expected on the basis 
of charge independence and equal numbers of protons and neutrons in the 
nucleus, p(z°) would have to 
be very large, lying between 
0.75 and 1.0. At the same time 
€ would be ~ 0.45. On the 
other hand a value p(zx°) = 0.5 
would correspond to p(z+)=0.38 
ATG othe 

The value of « depends on 
the estimate of the number of 
Xu -hyperons of energy less than 
60 MeV due to multi-nucleon 
reactions. The dotted curves 
show the effect of increasing 
the estimate of the number 
of such processes in our sam- 
0 01 0:3 03 0-4 0:5 ple by a factor of 3. It is seen 
that p(x°) would still need to 
be very large if p(x+) = p(7-). 
Even larger contributions from 
multi-nucleon processes cannot be completely excluded but this seems unli- 
kely, because if the spectrum of the &~-hyperons is distorted so much, the X* 
spectrum might be expected to exhibit a similar distortion. There are in- 
sufficient observed X*-hyperons of energy less than 60 MeV without accom- 
panying z-mesons to permit such an interpretation. 

The value of 6 is not well determined owing to the very small statistics 
involved but the present analysis strongly suggests the conclusion that either 
p(x*) > p(x), or p(x°) is extremely large. If the former is the case, reaction (xi) 
occurs much less frequently than reaction (ix) (7.e., ¢ <0.5). In the latter 
case however (xi) would be only slightly less probable than (ix). 

Estimates made in Sect. 11 suggest once again that p,(x+), the absorption 
probability applicable for all x+-mesons, whether or not associated with an 
emitted X-hyperon is about three quarters of p(x). 


Fig. 13. — Dependence of p{x°) and ¢ on p(r*). 


3250 


THE INTERACTION OF K’-MESONS WITH PHOTOGRAPHIC EMULSION NUCLEI - II 347 


The values of p(x°®) and ¢ can be obtained independently by using the 
estimate of the number of cases in which a %°-hyperon is emitted from a K~ 
star together with a m~-meson (see I, Section 5’5.d.). This number was esti- 
mated to be 64 + 20, before correction is made for z-meson observational loss 
at the centre of the K--star. Results obtained using the K; stack (*) suggested 
this correction will be substantial for this class of event and might be expected 
to increase this number to about 90. The number of primary processes (xii) 
is thus 

90 


{1 — p(x-)} {1 — p(2")}’ 


and putting p(X°) ~ 0.5, p(x-) ~ 0.1 this becomes equal to 200. Assuming 
charge independence this will also be equal to the number of primary pro- 
cesses (xi). 

We have seen that in a sample of events containing 19 cases of emission 
of an identified X~-hyperon together with a z+-meson there are at most 4 cases 
of emission of an identified X~-hyperon and a zx°-meson. From Tables II 
and IV it is seen that the estimated total number of &”-hyperons emitted 
together with a x+-meson is 91 so that there should be at most 19 cases in 
which a x°-meson and = -hyperon have been emitted and we have 


19 = 200 (1 — p(Z-)}{1 — pln} . 


Putting p(X) ~ 0.5 gives p(n) ~ 0.8 + 0.1. 

This suggests then that of the two alternative interpretations of Fig. 13 
the one leading to a very high value of p(zx°) is the more likely one. In this 
case, assuming p(xt) ~ p(x-) = 0.1, € ~ 0.45 + 0.05. This conclusion is based 
on the estimate made in I of the number of «x~+X°» events, which depends 
on the assumption that ~--mesons of energy less than 50 MeV emitted alone 
from K~-stars do not originate from «x~+A°» type events. 

But a value of p(x°) so large in comparison with that of p(x~) is so surprising 
that it seems worth while to examine the evidence on which these estimates 
are based. Some behaviour of this kind is to be expected from the figures 
given in Tables II and IV. The small number of « x* without 7» events in 
which the X*-hyperon has an energy less than 60 MeV makes the small value 
of p(x-) almost inevitable. On the other hand the correspondingly large 
- number of « > without x» events suggests either a very large value of p(x*) 
or a considerable probability for the primary process (xi) in which a &”-hyperon 
and a 7-meson are produced. A value of p(x+) many times greater than p(x) 
would be very difficult to understand theoretically, so that one is led to assume 
a substantial probability for (-x°) production. However the prong distri- 
bution (Table X) of stars in which the X~ is emitted without accompanying 
charged xz-meson, indicates that very few of the x°-mesons can escape, leading 
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to the conclusion that p(x°)>>p(x-). It cannot be excluded, however, that 
this difference in prong distribution could arise from a difference in the rela- 
tive frequencies of (K~ +p) to (K~-+n) interaction in the light and heavy 
nuclei of the emulsion. 

The estimate of p(x®) depends on the assumed number of low energy X” 
hyperons from two nucleon processes, which may possibily be underestimated. 
But it is not very sensitive to this number. The assumed number of low 
energy &*-hyperons from such processes cannot be increased very much without 
causing the estimate of p(x-) to vanish altogether, so that if the large number 
of &~-hyperons without accompanying z-mesons were to be attributed to two 
nucleon processes it would be necessary to assume a difference in behaviour 
of X* and X-hyperons in nuclear matter with respect to absorption and 
inelastic scattering. Such a difference would appear to be as difficult to accept 
theoretically as a marked difference between p(x-) and p(x). The most pro- 
bable interpretation of the data suggests therefore a value of p(x°) much 
greater than either p(zt) or p(z-). 


9. — The number of primary K capture processes. 


In this section we discuss the conclusions that can be drawn about the 
results presented both in the present paper and also in Part I. The numbers 
of different types of event are listed below (Table XT). 


PPAR IER kc La(e ye 


| Numbers un- | Numbers A seine lak 
corrected. for | corrected for but ex- 
m™-meson obser- | t-meson obser- | pressed as a 
vational loss vational loss | percentage 
: meta II III 
Total number of K” capture events 3 024 | 3024 100 
a +X* emissions 165 + 20 204 + 24 6.7 + 0.8 
mt++ 2X emissions 86 -+ 20 91+ 21 3.0 + 0.7 
m+ X° emissions 64 + 20 93 + 29 3.1 + 1.0 
m™ + A° emissions 277 + 40 388 + 58 12.8 + 1.9 
m~+double star 46+ 7 67 + 10 2.2 + 0.3 
m™ + 2°, &* (X absorbed) 186 -+ 26 274 + 37 9.1 4+ 1.2 
att 3 (& absorbed) 65 + 20 95 + 29 3.1 + 1.0 
=* (without charged 7) 76 + 15 76 + 15 2.5 + 0.5 
/2 (without charged =) 161 + 32 161 + 32 5.3 + 1.1 
(*) For a comparison with the figures shown in Part I, Table X XI, see note to Table II, Sect. 3. 


3252 


THE INTERACTION OF K’ -MESONS WITH PHOTOGRAPHIC EMULSION NUCLEI - II 349 


The first column of Table XI gives the numbers uncorrected for z-meson 
observational losses. The second column gives these numbers corrected for 
such losses, assuming the true fraction of K~-stars that emit a m-meson to 
be 0.40 (?). (We refer to this quantity henceforth as the x/K ratio). In 
making this correction it is assumed that the same observational loss cor- 
rection factor has to be used for all stars from which no identified X-hyperon 
was emitted. Probably a larger correction should have been applied to the 
«m-+A°» events in view of the larger ~ meson energy in these cases. The 
third, column gives the numbers in column 2 expressed as a percentage. 

To obtain the proportion of different types of primary processes it is neces- 
sary to make use of the absorption probabilities derived. There is some ambi- 
guity about the values to be used for some of these however. The relative 
numbers of the different processes also depend on the value taken for the true 
proportion of K~-stars emitting a n-meson. Estimates of the proportion of 
different primary processes have therefore been made using two different sets 
of values for these quantities. The results of these calculations are set out 
in Table XII. 


TABLE XII. 


| Percentage 
Type of primary process | 
oh = ae | of all primary processes 


il II 


} 
| 
. 
13.5 + 1.6 | 13:8 40406 


(viii) K°>+p—>2*+7- 

Gy kp > > xt 6 Sek 15 7S Ot a 

(x) K +p > 2°+7° ve Oe ae P| 8042.8 | 

(xi) K°-+n>2°>47° 66 2.0 | 6.6 sea 

yee en Do 6.6+2.0 | 6642.4 

(xiii) K~+p—>A°+7r° | 6.5 + 0.8 Thiel 

(xiv) K>+n—>A%}n- | 14.2 4 2.1 19.8 + 2.9 
Total | 60.1 +4.8 69.6 45.7 | 

Fraction of all one-nucleon captures on neutrons | 0.46 0.48 

Fraction of all one-nucleon captures leading to | 0.33 0.39 

A° production | 
Ratio |a,|?/|a|? | 0.21 0.24 
Ratio |b, |?/|a,|2 | 0.24 0.33 


The estimates given in column I of the Table have used observational loss 
factors based on a value of 0.4 for the z/K ratio and it has been assumed that 
the same value applies to all stars emitting a +-meson without any observed 
x+-hyperon. The absorption probabilities employed were p(x~) = p(x*) = 0.1 
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(this implies p(x°) ~ 0.8 but this was not used directly). p(x-) = 0.2 for 
m-mesons from «z--++-A°» type events, p(X”) = p(X*) = p(X°) = 0.45. 

In column II the z/K ratio has been taken to be 0.44 but it has been as- 
sumed that, on account of their greater energy the observational loss factor 
applicable to z~-mesons from «z~+A°» type events is 50% greater than that 
for other events in which a z+-meson is emitted without accompanying charged 
x-hyperon. The same absorption probabilities for z mesons have been assumed 
as in I but the values p(X~)= 0.55, p(X°) = 0.50, p(*)= 0.45 have been 
used for the X-hyperon absorptions. These values which are entirely within 
the experimental accuracy of the determinations make some allowance for a 
possible trapping of some &X-hyperons by the Coulomb field. 

The numbers N,, Ny, Niz, Nis of the processes (viii), (ix), (xii) and (xiv) 
have been obtained directly from the measurements. The numbers Ni), Ni 
of processes (x) and (xi) can then be obtained from the relations 


Nig = 4 Ne 5 — Nal?) Nog Nass Nie = Niel ah; 


which are valid assuming charge independence, 7 being the ratio of the number 
of neutrons to the number of protons in the nucleus. The errors given in 
Table XII are statistical only and do not include the larger uncertainties in 
interpretation, or the errors in the estimate of the absorption probabilities. 

The results of Table XII indicate that less than one half of the captures 
on a single nucleon take place on neutrons. When allowance is made for the 
neutron excess it is seen that the chance of K~ capture occurring on a neutron 
is about two-thirds of the chance of capture on a proton. Further, more than 
half the captures on neutrons lead to A°® production. 

These conclusions can be stated alternatively in terms of the transition 
amplitudes for the K~ capture process. The capture of K~-mesons on protons 
can occur either through a T=0 or a T=1 state of isotopic spin while the 
capture on neutrons oceurs exclusively through the 7=1 state. Table XII 
gives values of the ratios 


where a and a, are the respective transition amplitudes for the 7=0 and 
T= 1 isotopic spin states leading to X hyperon production and b, is the tran- 
sition amplitude leading to A° production. 

The single nucleon processes listed in Table XII account for 60% and 70% 
of the total number of K~-meson captures for the sets of values of absorption 
probabilities, and z/K ratio used in calculating columns I and II. Evidently 
the remaining 30 to 40% of all K~ captures must take place on more than one 
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nucleon. <A lower limit of about 15° has been derived for the number of 
such processes from a study of the number of hyperons with kinetic energy 
greater than 60 MeV (Section 7). This estimate assumes that X-hyperons do 
not lose energy in collision before escaping from the nucleus in which they are 
produced and does not include allowance for direct A° production in multi- 
nucleon processes, such ag (iii) and (vi) of Section 7. Further it uses values 
of p(X) derived from a study of one nucleon interactions and does not allow 
for any possible increase in absorption probability for the faster hyperons pro- 
duced in multi-nucleon interactions. In view of these considerations an esti- 
mate that from 30 to 40% ofall K~ interactions take place through such pro- 
cesses is not unreasonable. 
In Section 7 we have seen that the processes 


(1) K-+p+p—-2tin and K-+n+p->x24+p 
oecur with comparable frequency and have estimated a lower limit of 3% 
of all K~ captures by emulsion nuclei to occur through them. On the other 


hand the fact that no definite evidence has been obtained of the process 


(vii) Kr-tnt+n>2 +n 


suggests that it occurs rather rarely. 


10. — Comparison with the results of investigations using hydrogen and deu- 
terium bubble chambers. 


Results are now available of experiments on K~ capture in a hydrogen 
bubble chamber for K~-mesons both at rest (#9) and in flight (11) and in a 
deuterium bubble chamber for K~-mesons at rest (#2). From the measure- 
ments in hydrogen the relative frequency of K~ capture processes on neutrons 
can be estimated if charge independence is assumed to apply. These estimates 
(expressed as percentages) are shown in Table XIII. From the measurements 
in deuterium the relative frequency of the neutron capture processes can be 
obtained directly provided it is assumed that the observed interactions are 
due to K~ capture by a single nucleon, the second nucleon playing the role 


(2°) L. W. AtvareEz, H. Brapner, P. Fark-Varrant, J. D. Gow, A. H. RosEn- 
FELD, F. T. Sormitz and R. D. Tripp: Nuovo Cimento, 5, 1026 (1957). 
(1) Berkeley bubble chamber results, reported by M. F. KApLon: Geneva Con- 


ference Report (1958), p. 176. 


(2) R. D. Tripp: Geneva Conference ‘Report (1958), p. 185. 
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of a spectator only. Table XIII shows also the relative frequency of the one 
nucleon interactions deduced from the present work, taking the two sets of 
values of absorption probabilities and z/K ratio used in column [f and II of 
Table XII. 


TaBLE XIII. 
—— — ia = — = = == = 
| | Hydrogen | Deuterium | Present emulsion work (*) 
| eee ee © Bubble Bubble : 
ani: Ce Oee | Chamber Chamber |28 in column J/asincolumn II 


| (K~ at rest) | (K~ at rest) | of Table XII | of Table XII 


| (viii) K°>+p—> Zt+7- 14. SS ieb eee Gee le6 25.6+3.0 21.5 2.6 
| (ix) “Ka pas Bat 20 5HE2 3 |) 2405 1e7 a V1 9ee2-8 12.0=5257 
(x) K +p >>°+ 7° | 14.8 (208s 4 4 bal 12.4+4.5 
(xi) K°+n>3°+r°. 14.8 4.6-+0.8 ORE SG 8.9+2.9 
(xii) K°+n>2°47- | 14.8 | 4640.8 | 9.1+43.0 8.9+2.9 
(xiii) K°>+p—>A%+7° Sah 8.0-+1.0 9.4--1.3 12. ees 
(xiv) K~+n>A°+7- 7.4 16.0+1.4 20. 84-3-2 py, Oe as 


m-/x*+ ratio (at production) 1.25+1.0 | 1.25+0.32; 4.6 +0.9 4.5 +0.9 
x/Z* ratio (at production) | 3.2 41.3 | 1.38-+0.28| 0.82+0.24 0.97 40.30 
tt /x-X* (at production) 2.0 +0.3 | 1.22+0.24) 0.47+0.11 0.56 +0.13 


(*) The emulsion data are reduced to represent the case of equal numbers of protons and 
neutrons in the nucleus, for comparison with the bubble chamber work. 


There is a major disagreement between the results obtained in hydrogen and 
in emulsion nuclei for the ratio of the number of z+ events (interaction viii) 
to x-X* events (interaction ix). The hydrogen bubble chamber results give 
a value of 2.0 for this ratio while the emulsion work gives a value of about 0.5. 
The emulsion results depend of course on the estimates of the absorption pro- 
babilities of the z-meson and & hyperon, but extreme assumptions about the 
values of these quantities which would just be consistent with the experimental 
data could not raise this ratio above 1.0. The differences obtained for the 
t-/x+ ratio and the X&7/X* ratio are related closely to the difference in the 
nt+X"/x-X* ratio. 

These differences may be interpreted to mean that the transition ampli- 
tudes are velocity dependent. Recent hydrogen bubble chamber measgure- 
ments of K~ interactions in flight have demonstrated such a velocity depen- 
dence (1°). Evidence for such a variation has been presented by the Berne 
group (1%) as a result of measurements of the interactions with emulsion nuclei 


(8) Y. ErsknBEeRG, W. Kocu, E. LoHRMANN, E. Nixoxié, M. SCHNEEBERGER and 
H. WINZELER: Nuovo Cimento, 9, 745 (1958). 
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of K~-mesons in flight. For K~-mesons of energy 86 MeV they estimated a 
am-/n*+ ratio of 8, compared with 4.5 in the present work and 1.25 for K~-mesons 
at rest (deduced from the hydrogen bubble chamber work) and they found 
the -/=* ratio also varied with energy. For K~ capture at rest by emulsion 
nuclei, the Fermi motion of the nucleons means that the K~-nucleon inter- 
action takes place under conditions in which the energy of relative motion 
may be 20 MeV. 

Further evidence that the discrepancies may be explained in this way is 
provided by the observation that for interactions on free protons in emulsions 
the ratio n+L"/x-X* is 1.4 + 0.4, in much closer accord with the value de- 
duced from the hydrogen bubble chamber work than the ratio 0.5 deduced 
for interactions with protons in emulsion nuclei. Also it is seen from Table XIII 
that in the deuterium bubble chamber the &~/X* and x+X7/x-X* ratios depart 
from the values obtained in hydrogen in the direction toward closer agreement 
with the results of the present investigation, as might be expected if the in- 
ternal nucleon momentum is important in determining this ratio. 


11. — The interpretation of the measurements in terms of the basic K~ capture 
mechanism. 


The small value (~ 0.10) of the absorption probability p(x) of x~-mesons 
formed as a result of the capture by bound protons of K--mesons that have come 
to rest, strongly suggests that the capture occurs mainly near the periphery of 
the nucleus (*). The small number of stable prongs associated with events in which 
both z-mesons and =-hyperons are emitted suggests that inelastic scattering is 
not important in this class of event, lending further support to the idea that a 
substantial proportion of K~-interactions occurs near the nuclear surface. The 
process of the capture of K~-mesons by silver and bromine nuclei of the emul- 
sion has been discussed by JoNzES (4). He supposes K~-mesons, moving very 
slowly, are captured into a circular orbit of high quantum number to form a 
K-mesie atom. The K-meson cascades down to lower orbits. Nuclear capture 
occurs when the lifetime in a given orbit against such capture of the K~-meson 
becomes less than the lifetime against electromagnetic transition to a lower 
orbit. He estimates that for an «average » heavy nucleus in the emulsion for 
which. A = 94, Z= 41, capture occurs from a 5g orbit. Considering only the 
Coulomb interaction between the K-meson and the nucleus, this orbit has a 
mean radius of approximately 6 fermis, while the mean nuclear radius is 
5.5 fermis. Assuming the proton distribution found by the Stanford electron 


(*) See contribution to Kapton’s Report, Geneva Conference (1958). 
(14) P. B. Jonus: Phil. Mag., 3, 33 (1958). 


23 - Il Nuovo Cimento. 


3257 


354 B. BHOWMIK, D. EVANS, D. FALLA, F. HASSAN, A. A. KAMAL, K. K. NAGPAUL ETC- 


scattering experiments (RAVENHALL (?°)) viz. 


(4) o(r) = (2 + exp ; = yy" 


where for Z= 41, A=94, c=4.7 fermi, 6 = 0.55 fermi 
| 0) = 0.0837 (fermi)- 


and that the neutron and proton distributions have the same shape, Fig. 14 
shows the distribution of distance from the nuclear centre for which K~ capture 
takes place in the case of capture 
in the 5g and 6h orbits of the 
K-mesic atom. 

The absorption of m-mesons in 
nuclear matter has been discussed 
by FRANK, GAMMEL and WAT- 
SON (5). On the basis of measu- 
rements on the absorption of z- 
mesons by deuterons they derive 
an expression for the absorption 
mean free path, A, of x-mesons in. 
; = $ ee! 7) nuclear matter eet is in satis- 

Radial distance a(x10™~ cm) factory agreement with the exper- 


Fig. 14. — Radial distance at which K~ capture imental data on the absorption of 
occurs from 5g and 6h Coulomb states of a m-mesons by heavy nuclei. 
K mesic atom (ordinates arbitrary). 


Relative K~ capture probability 


Absorption probabilities for z- 
mesons produced at various di- 
stances from the centre of a heavy emulsion nucleus have been calculated 
using the absorption mean free path of FRANK, GAMMEL and WATSON. For a 
meson originating at a radius a, the mean absorption probability, 


co 


dl ‘ 
= {ae (*) 


AR Ee, 
p(x) =1— 3 sin 6 exp 
0 
where 72 = a?-+ 1? — 2al cos 0. 


(5) D. G. RAVENHALL: Rev. Mod. Phys., 30, 430 (1958). 

(*) Throughout this section it is assumed that the direction of motion of the 
m-meson (and therefore of the U-hyperon) is isotropically distributed. This may not 
be justified, since, if the capture occurs from an orbit of high angular momentum the 
momentum of the K~-meson before capture will be predominantly tangential and this. 
might be expected to favour a tangential direction of emission of the 7 and &. Such 
an effect would make it easier to interpret the low value of p(x-) observed but would 


imply very large = and 7° interaction cross-sections to account for the high values of 
p(=+) and of p(x). 
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For an assumed mean m-meson energy of 55 MeV (see I, Table VIII) 


. a 
Ar) ~ {1+ exp [(r— 0)/8} 


(5) 


(fermi)-!, 


where I’. is a factor that measures the relative cross-section for the absorption 
of a m-meson by a neutron-proton pair in the nucleus to the absorption by a 
free deuteron. The value of J” 
depends on the constants in the 
expression for the nucleon distri- 
bution. It was estimated from the 
experimental data of CHEDESTER, 
IsAAcs, SACHS and STEINBERGER 
and of R. L. MARTIN (3°), on the 
absorption of z-mesons in nuclei 
of medium atomic number. 

The method described by 
Rossi (17) was used. Unfortuna- 
tely, it is difficult to obtain an 
accurate estimate of A, and there- 
fore of J’... A value of J’. about 
10 is consistent with the measu- 


Fig. 15. — Mean p,(z-) corresponding to K~ 


red cross-section. i oe : f ; 
; , capture at distance «a» from centre of nu- 
Fig. 15 illustrates the Gepem: Boe i) Pib.6) oy Posiaitsy Fe eee! 
dence of p(x) on the radius of 4) [,=28. e Mean p(x-) assuming uniform 
origin, a, for different values of production throughout nucleus. + Mean 
I’_. Values are given for the p(x) assuming capture from 5g Coulomb 
equivalent radii of production for state. © Mean p(x-) assuming capture from 
6h Coulomb state. 


the following cases: 


1) Uniform production throughout the nucleus (4.2 fermis). 
2) Capture from the 5g Coulomb state (6.1 fermis). 
3) Capture from the 6h Coulomb state (6.35 fermis). 


The values of the z+ absorption probability p,(z*+) can be obtained from 
the curves of Fig. 15 by adjusting J‘, in the neutron to proton ratio. This 
will give values of p,(x+) on the assumption of identical neutron and proton 
density distributions. It is seen from Fig. 15 that p,(x*)/po(z-) will certainly 


(46) C. CuepEstEr, P. Isaacs, A. Sacus and J. STEINBERGER: Phys. Rev., 82, 
-958 (1951); R. L. Martin: Phys. Rev., 87, 1052 (1952). 
(17) B. Rossi: High Energy Particles (New York, 1952), p. 359. 
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be less than 53/41, the assumed neutron to proton ratio, that is the two ab- 
sorption probabilities will not be very different even in the heavy nuclei of 
the photographic plate. 

It has already been pointed out (Section 8) that the measured values of 
absorption probabilities, p(x), refer to a particular class of event, viz. one 
in which a &-hyperon is emitted, and will be different from the value ,(7), 
appertaining to all z-mesons produced as a result of processes (viii)—(xiii). 

The effect of &+ absorption on the measured z~ absorption probability is 
calculated in Appendix V. Assuming J’ = 5.6, and the analogous strength 
factor for the L-hyperon, J’, = 28, values of p(x~) and p(X*) can therefore be 
obtained in rough agreement with our measurements, although p(x-) is some- 
what high (*) (see Table XV inAppendix V). 

With such a model, however, there is no way of accounting for any large 
difference between p(x+) and p(x-), such as might be suggested by one 
interpretation of the data (see Section 82). Suggestions have sometimes 
been made, however, that the neutron radius of a nucleus should be larger 
than the proton radius (JOHNSON and TELLER (?8)), and the question has not 
been settled conclusively. It was pointed out by JoNEs (14) that the capture 
of K~-mesons at rest might provide an effective tool for probing the compo- 
sition of the outer fringe of the nucleus since the mesons spend a comparatively 
large proportion of their time in this region. Calculations have therefore been 
carried out of po(7*+), po(m—), assuming the neutrons to have a density distri- 
bution of the same form as that found for protons, but with the constants, 
c, 0, 20% greater. It was not possible in this way, however, to obtain a ratio 
po(x*)/po(m—) above about 1.4 so that it would be difficult to interpret any 
very large asymmetry between these quantities. 

In Section 8°2 it was pointed out that the data on stars in which a 
hyperon is emitted indicated either that p.(m+) >> p (77) or po(x°) is very large. 
The latter interpretation appeared more likely and the estimate of p(x°) ob- 
tained was p)(x°)~0.8+0.1. The difficulty of accounting for any large dif- 
ference in p (z+) and po(z~) clearly lends further support for this large value 
of p(x°). The small value of p,.(x~), however, requires for its interpretation 
that K~ capture at rest should occur predominantly on the nuclear surface. 

It is difficult to understand how at the one time the K~ interaction 
process can be sufficiently peripheral to account for the low value of p(z-) 
while at the same time giving the large value of p(x°) that seems indicated. 


(*) The calculations of this section have been carried out for a typical heavy 
emulsion nucleus. Since an appreciable (but unknown) fraction of captures is expected 
to occur on light emulsion nuclei and these should have smaller absorption probabilities, 
one would expect the calculated absorption probabilities on heavy nuclei to be some- 
what larger than the average measured values. 

(8) M. H. Jonnson and E. TELuer: Phys. Kev., 98, 357 (1954). 
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The observed values of the &% absorption probabilities, p(X), p(X*), of 
about 0.5 would also indicate a mean free path for absorption in nuclear matter 
of about 1.5 fermis for the processes 


(xv) en AP yp, 


(xvi) S~+p—>A°+n. 


The comparatively large proportion of two-nucleon processes (15 to 40%) 
suggests a high degree of correlation between pairs of nucleons, at least in 
the peripheral region of the nucleus in which capture seems to occur. 

Measurements on the capture of K~-mesons from rest in the deuterium 
bubble chamber (Tripp (!?)) suggest that less than one per cent of all K~ cap- 
tures occur through processes of type (iv) and (v) involving two nucleons. 
Evidently pairs of nucleons are correlated in the nuclear periphery with a 
mean separation considerably smaller than is the case in the deuteron. It is 
not possible to say whether these clusters of nucleons are in pairs or in larger 
units. 

The results of the Berne Group (1*) have indicated a far smaller proportion 
of multi-nucleon processes following K~-mesons in interactions in flight with 
emulsion nuclei. In our results also, while the mean energy of the X-hyperons 
at emission was 32.5 MeV in the case of K~ interactions at rest, it was only 
22 MeV for interactions in flight (see I, Section 4°2) suggesting again a much 
greater proportion of multi-nucleon interactions in the former case. Since 
interactions in flight would be expected to take place throughout the~ nuclear 
volume it would appear that clusters of nucleons occur more frequently on 
the nuclear surface than in the central regions of the nucleus (*). 


12. — Conclusions. 


1) The multi-nucleon K~ absorption processes account for between at 
least 15 and possibly as much as 40% of all interactions of K~-mesons at rest 
with emulsion nuclei. The two-nucleon process K~+n-+n —- % +n occurs 
rarely compared with other such processes leading to & emission. The impor- 
tance of multi-nucleon absorption processes suggests a high degree of corre- 
lation of pairs or clusters of nucleons on the nuclear surface. 


(*) Note added in proof. - Recently W1LDERMUTH developed the « cluster-model » 
of the nucleus, giving arguments in favour of the clustering of nucleons at the periphery 
of nuclei (K. WiLDERMUTH and TH. KANELLOPOULOS: CERN, Theor. Division (1959)). 
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2) The relative probabilities of the processes resulting from the inter- 
action of a K~-meson at rest with a single nucleon in the emulsion are not 
the same as the bubble chamber results on the capture of K~-mesons at rest 
in hydrogen, but they are closer to the results of K~ capture from rest in 
a deuterium bubble chamber. This is probably associated with the Fermi 
motion of nucleons in nuclei and is consistent with the velocity dependence 
of K~ capture transition amplitudes obtained in other experiments. 


3) Most of the one-nucleon interactions leading to =-hyperon production 
take place with protons. The transition amplitude corresponding to the T=1 
state of isotopic spin leading to X-hyperon production is smaller than the 
T=O0 transition amplitude. 


4) For z--mesons produced in association with &*-hyperons the absorp- 
tion probability in emerging from the nucleus in which they are produced is 
about 0.10. This small absorption is consistent with K~ absorption on the 
nuclear periphery. There is some difficulty in accounting for the apparently 
large combined absorption probability of x+ and x°-mesons. The evidence 
favours the more likely assumption that the absorption probability of xt- 
mesons is of the same order as that of z~-mesons, indicating a large absorption 
of the ~°-mesons. 


5) The absorption probabilities of &* and X -hyperons formed in asso- 
ciation with charged z-mesons are approximately 0.5. This is consistent with 
an interaction mean free path of about 1.5 fermis for X-hyperons in nuclear 
matter. 
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APPENDIX I 


The misclassification of FL* as RX*. 


The range of the & is divided into intervals such that the particle takes 
the same time, 0.5-10-11s to traverse each interval. From the number of 
hyperons estimated to have traversed these intervals, the distribution in 
residual range of FX 
events can be evaluated, 
assuming appropriate va- 
lues for the lifetimes of 
i and &. In Fig. 16 the 
curve shows the expected 
distribution, taking ty+ = 
=orl01s, and ty-= 
Site * a5, (cir. . Part 
IIT). In constructing this 
curve the measurement 
errors in the estimate of 
the residual range have ‘eee oe 449 G1 SeOenyy 
been «folded in». The Residual time of decay «10 s 
histogram gives the actual Fig. 16. — Distribution of residual time at decay for 
number of events classed = 7Y= (dip angle of © < 45°). The histogram gives the 


N° of events 


as FX=. The agreement experimental distribution of residual times. —- Expected 
is seen to be good above contribution from FXZ. —---- Total expected number 
1-10-15. However, below of FX, of both signs. 


this value, corresponding 
to a residual range of 
200 um, there seems to be a deficiency of events, viz. 4 instead of about 16, 
although this number cannot be estimated very accurately. It should be 
borne in mind that this number may be altered by assigning different values 
to ts+ and ty- or if the estimate of the number of RX, events is in error. 
If a prong appears to be at rest and there is no x in the K-star, then, 
as has been pointed out above, a loss factor of 1.8 instead of 1.2 is applicable. 
This implies that some of the &—>7z decays have been missed altogether. 
This would account for about 2 of these « missing » events. 
There remain about 10 events still unaccounted for, and we assume these 
have been ascribed wrongly to the RUZ class. There is no method of distin- 
guishing which events are the ones wrongly classified. 


APPENDIX I]{ 


A method of determining the number of RX,. 


We consider a sample of stars which emit a x-meson together with one 
baryon which has not been identified as a hyperon. 
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Table XIV shows, for different energy ranges of the baryon (calculated 
on the assumption that it was a proton), the number of cases in which the 
angle between the x and baryon prong was greater or less than 90°, and the 
sign ratio of the accompanying 7-mesons. 


TABLE XIV. 

Energy Ratio of number events in which Rati 

of baryon the m-baryon angle is > 90° to fcteicod . . oun 
(MeV) the number in which it is < 90° pari udetiih bee 
0—+10 59): Dele Teal I3ie°4 SB 3e 
1030 65:3 26) —=2-0 aL US e LOS o ie 
30— 60 230) Lia aL 9; 2=— 4.531 
> 60 7? b= Lida olka 0E 


In the energy range (10~30) MeV the number of cases in which the angle 
between the two prongs is large is abnormally high while the z~/z+ sign ratio 
is correspondingly low. This is exactly what would be expected if the sample 
of «protons» in this energy range contained a contamination of hyperons, 
predominantly negatively charged. 

The total number of non-identified hyperons in this sample can be esti- 
mated using a method of analysis similar to one developed by the Géttingen (?%) 
group and based on the distribution of the angle between the z-meson and the 
baryon. It is assumed first that the distribution should be symmetrical in 
the case of «x+proton» events but that for «z+» events it should lie 
predominantly between 90° and 180°. Any observed asymmetry has then 
to be attributed to the hyperon contamination. For the events in which the 
energy of the proton was between 10 MeV and 30 MeV, this would require 45 
of the observed baryon prongs to be X-hyperons that have escaped identifi- 
cation. These will include not only = endings but also RX, decays in which 
the x has escaped observation and FX, decays in flight in which the proton 
was emitted backwards in the C.M.S. 

If the stable prong is a proton produced by absorption its direction might 
be expected to be correlated with that of the {-hyperon producing it. This could 
lead to an asymmetry even in «7+1 stable prong» events. If one assumes, 
therefore, that the true asymmetry in such events should be 1.4, 7.e., the 
same value observed when the proton emitted has an energy above 30 MeV, 
the number of hyperons missed becomes 35. 

The number of negative X-hyperons can be estimated if it is required 
that the true sign ratio of «7+1 stable prong » events in which the energy 
of the proton lies between 10 and 30 MeV, is the same as for events in which 
the energy of the proton is larger. The number of > -hyperons in the 
(1030) MeV group becomes 27 if this sign ratio is taken as 4, and 22 if it 
is taken as 3. Corresponding to this sample of events there were 12 cases 


(19) W. Attys, N. N. Biswas, M. CeccarELii and J. Crussarp: Nuovo Cimento, 
6, 517 (1957). 
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of «RXZ+z» so that the ratio (Total no. X)/(Observed no. =~) lies be- 
tween 34/12 and 39/12, i.e., between 2.7 and 3.2 which is consistent with the 
value obtained from collinear events. 

A rough estimate can also be made of the &* observational loss in this 
same sample. Taking the z-meson sign ratio to be 4, there must be 8 missed 
x* hyperons in the sample with energy between 10 and 30 MeV and dip angle 
less than 45°. In this same sample there are 23 RX+, 8 FXZ, and 14 FD+ 
identified hyperons. The assumed observation loss factor of 1.2 (see Sect. 3) 
for R=* and FX* decays from «7+» type events would indicate a loss 
of between 7 and 8 hyperons in the sample, which is entirely consistent with 
the conclusions reached by this method of analysis that about 8 &*-hyperons 
have escaped detection. 


APPENDIX III 


B Calculation of the correction for the loss of high energy hyperons that escape 
from the stack. 


A number of energetic particles, which could be classed as baryons, escaped 
from the stack without having been brought to rest. The emission energy 
and the observation time were determined from ionization wherever possible. 
The total numbers (including some with tracks going to cut edges of the 
emulsion that were not followed) are given in Table XV below. 


TaBLE XV. — Hnergetic protons and unidentified baryons. 


Emission energy (MeV) 
60-90 | 90+120 | 120+180 
<— oe 
(a) Total number of baryons coming 165 | 47 13 
to rest without producing observ- | 
able decay or interaction | 
(b) Total number of baryons not fol- 26 | 30 20 
lowed. to rest 
(ce) Proportion of -hyperons 4q(F); 0.1974 0.26 0.46 
amongst emitted baryons. 
: (Caleulated for all charged %) 


The total numbers of lost X-hyperons were determined as follows: the 
proportion of &-hyperons amongst all emitted baryons was first estimated 
using the numbers from the corrected & spectrum together with the knowledge 

- of the total number of baryons which stop in the stack without producing 
any observable decay or interaction, as listed opposite (a) Table XV. The 
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hyperon proportion q(#) amongst the baryons of different energies is shown 
in (c). About equal numbers of fast hyperons of either sign are known to 
be emitted. 

The loss of hyperons was then estimated from a consideration of the emission 
energy (#;) and observation time (¢;) for each of the escaping particles. The 
expectation of the loss will be the quantity P;q(#,) summed for all the trajec- 
tories concerned, where P; is the usual survival probability, exp [— (t,/t)], 
for a hyperon of lifetime t to the boundaries of the stack. 

By calculating the escape for Fz, FX, FX;, separately the total loss 
of fast X-hyperons (over 60 MeV) is estimated to be: 


For alli.) Se el ieeevienus 


Forvall 3 2 ee ee OO events 


APPENDIX IV 


The transition amplitudes for two-nucleon events (assuming charge independence). 


The two nucleon interactions may take place through states of total 
isotopic spin 3, 4. There are three independent (complex) transition ampli- 
tudes, a,, aj? and af where a{? corresponds to the case where the K-meson 
(7x = $) is combined with the two nucleon system having 7y=1 to produce 
a resultant 7=+4, while af corresponds to the two nucleon system having 
Ty=0. Then the following transition amplitudes are obtained 


(1) & + nucleon: 


bol 


Ko --p-rp => 2p, ses (a3 — ay); KF (Pa) sco Ses -\/5 ay ’ 


1 
K-+p+p>dt+n, 3 (a+ 2ay); Ko+(p+n)je-1>2°+p, ue (a3 — ay’) , 
at 
K-+(p+n)p-9 > +n, vai K-+(n-+n) > 2 -+4n, bg 


1 
Kart tl) ged > 3 (2ay + ay?) . 


(2) A + nucleon: 


2 
K-+p+p>A'+p, V5 Aah, 


Ko =F (p- Dye AQ ; 


Ko + (Pp D)por= Ao, Aa/3 AG : 
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The experimental results appear to indicate that K~-+n-+-n—-> ¥--+n is 
a very weak process, 7.€., ag ~ 0. 
If this can be assumed a number of simple relations follow, viz.: 


Nyy =1Nsn, 


Ny =$Nz- . 
Also 
Nian= tN am « 


FACP YP EN Ik x) Vi 


Effect of &* absorption on the measured x~ absorption probability. 


If As+(r) is the mean free path for X*-hyperon absorption at a radius r 

in the nucleus, then neglecting the Fermi motion of the nucleons, so that the 

- m-meson and &-hyperon can be assumed to be moving in opposite directions 
after production, the measured x absorption probability is 


4 7 ah 1 
[sn 0 (exp —fa A,.(r’) - call “i 
(6) p(n) =1—* ) 


[sn 60 [exp |-fasenl) dé 


where r? = a?+12?— 2al cos 0; r”=a?+2al cos). A similar expression can be 

written for p(x). 
Formally it is convenient to express Ay(r) in the same form as (5), the strength 

factor I’. being replaced by ano- 

ther, /’y. Calculations of (10) have 05 

been carried out for J’, =—5.6 and 

I'y = 5.6, 14, 28 (corresponding to 

mean free paths in nuclear matter 0-4 

of 8.5, 3.4 and 1.7 fermis respecti- 


03 


6 
Fig. 17. — Ulustrating the relation be- 
tween p,(z~) and p(z-) for various values = 
of I'y. 1) po(x-) (no = absorption); © 
2) “pls) Ls=—5.6; 3) p(x) Ps=14; 
4) p(x-) [y=28. © Mean p(z-) assu- 
ming uniform production throughout 


+ 
+ 
+ 
+ 
; : a(x10"% cm) 
nucleus. + Mean p(z~) assuming capture 
6 8 10 


from 5g Coulomb. state. ; e F 
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vely) for different values of the radius of production, a. The results are shown 
in Fig. 17 and illustrate the increase of p(x) as J’y is increased for a given 
value of I... The values of p(z-) have also been calculated assuming both 
uniform production throughout the nucleus and K~ capture from the 5g Cou- 
lomb state. They are given in Table XVI. 


TABLE XVI. — Effect of X&* absorption cross section on the measured values of the x ab- 
sorption probability p(x-) and the X* absorption probability, p(X*) (assuming I,-= 5.6, 
corresponding to a mean free path in nuclear matter of 8.5 fermi). 


| (1) for uniform production (2) for production following 
| re | throughout nucleus K” capture from the 5g state 
p() p(=") p(r-) p(=") 
0 0.24 0 0.13 0 
5.6 0.30 0.31 0.17 0.17 
14 0.33 0.41 0.19 0.33 
28 0.38 0.71 0.21 0.44 


RIASSUNTO (°) 


E stata studiata l’emissione di 3037 stelle di cattura K~ a riposo in emulsione 
nucleare. Si discute lidentificazione degli iperoni. I] (17.6+1.0)% di tutte le stelle K™ 
emette iperoni & carichi mentre il (9.6--0.6)% di esse emettono sia iperoni & che 
mesoni 7. Il rapporto = /E* per tutte le stelle é 0.86+0.12, mentre che per le stelle 
che emettono anche unm mesone x é 0.45+0.10. La differenza tra quest’ultimo valore 
e il valore nettamente differente (2.0) ottenuto per le interazioni K” a riposo in una 
camera a bolle a idrogeno si attribuisce al moto di Fermi dei nucleoni nel nucleo ed 
alla dipendenza delle ampiezze relative delle transizioni K~ dall’energia del moto rela- 
tivo del mesone K~ e del nucleone. Il rapporto R del numero dei decadimenti &* a 
quelli z+ e protonici rispettivamente ¢ 1.23+0.27. E stata studiata la distribuzione 
dei rami stabili delle stelle in cui si emette un iperone, come pure la distribuzione 
dell’energia degli iperoni = all’emissione. Circa il 16% di tutti gli iperoni = carichi 
identificati avevano energia di emissione superiore a 60 MeV ed hanno dovuto essere 
attribuiti alle interazioni multinucleoniche del mesone K~. Si stima che la proporzione 
di tutti i processi multinucleonici primari di cattura raggiunga il (30+40)%. L’intera- 
zione di un K~ con una coppia di neutroni sembra occorrere, se mai, raramente. Dalla 
frazione di stelle che emettono =* emettendo anche un mesone z~ si conclude che 
solo circa il 10% dei mesoni z- non abbandonano il nucleo in cui la cattura avviene. 
Cid sarebbe comprensibile se la cattura K~ avvenisse prevalentemente nelle regioni 
periferiche del nucleo. Da un simile studio delle stelle che emettono dei X si trova, 
tuttavia, che la proporzione dei mesoni x* 0 7°, o delle due specie, assorbiti nel nucleo 
é molto maggiore. Si valuta il cammino libero medio degli iperoni = e dei mesoni 7° 
nella materia nucleare. La maggior parte delle interazioni di 1 nucleone che condu- 
cono alla produzione di iperoni © avvengono con protoni e le ampiezze di transizione 


corrispondenti allo stato 7=1 dello spin isotopico sono minori dell’ampiezza di tran- 
sizione T'=0. 


(*) Traduzione a cura della Redazione. 
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Relativistic Increase of Ionization in Xenon. 


A. Rousset, A. LAGARRIGUE, P. MusseT, P. Rangon and X. SauTERon 


Ecole Polytechnique - Paris 


(ricevuto il 6 Maggio 1959) 


Summary. — The relativistic increase of ionization is studied in various 
gaseous mixtures by the method of drop-counting in a clouG chamber. 
If we call g the relative ionization of B/,/1— f? equal to 300, we find 
that in pure Xenon or mixtures of Xenon and Hydrogen, @ is of the 
order of 1.7. On the other hand the value of o drops to 1.3 if Helium 
is mixed with Xenon. 


1. — Introduction. 


The initial purpose of this work was the study of a possible experimental 
method for identifying elementary particles of very high energies (~ 20 GeV), 
when $= /e is in the neighbourhood of 1. The relativistic increase of ioni- 
zation is a sensitive function of y=1/\/1— #2. An apparatus sensitive to 
this parameter y has a chance to be suitable. We have hence studied this 
phenomenon for Xenon which has a theoretical large relativistic increase of 
ionization. 

Our technique is based on the use of a cloud chamber with simultaneous 

- measurement of ionization by drop counting and of momentum by curvature 
in a magnetic field (1). We use u-mesons and electrons from local cosmic-ray 
: showers to establish the ionization curves. 


(1) W. B. Frerrer and E. W. FrRiIssen: Rev. Sc. Inst., 26, 703 (1955); W. B. 
Fretrer, E. W. Friesen and A. LAGARRIGUE: Suppl. Nuovo Cimento, 4, 569 (1956). 
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2. — Experimental set-up. 


The intensity of the magnetic field is 6200 gauss; the uniformity is better 
than 2% in the useful region of the chamber (45 x 25 x12 em). 


Optics: 2 apochromatic Boyer lenses, focal length f—24 cm, aperture 
o = 20; magnification M=9.5; stereoscopic angle: 10°. French emulsion 
Kodak Plus X. 


Lighting: 2 flashes of 800 joule each. Every flash-tube is placed on the 
axis of a cylindrical mirror and at the focus of a double series of square-shaped 
spherical lenses. Each lens is separated from the next one by a little plate 
intended to eliminate light rays spreading too much from the horizontal. 


Triggering of the chamber is ensured by two counter trays above and below 
the chamber. A y-meson is identified as a single particle of cosmic rays (double 
coincidence). Quadruple coincidences give us showers in which we easily identify 
electrons. These particles enable us to explore the relativistic range 


3 < py < 2000... 


3. — Momentum measurement. 


Accurate momentum measurement involves two difficulties: 


1) Tracks are wide: in order to separate the droplets, ions are allowed 
to spread for 40 ms before the expansion of the chamber. One could think 
that microscope reading on such broad tracks would introduce large errors. 
Statistics of second differences in consecutive readings prove that the r.m.s. 
sagitta due to the setting on the track is about 0.045 mm (corresponding to 
a radius of curvature R~ 500 m). 


2) In order to have enough light scattered by the droplets, lightning 
delay is set at as much as 150 ms (even 200 ms in pure Xenon). Turbulence 
has to be avoided during these delays for it could distort the tracks. Great 


care is therefore taken to keep constant temperature equilibrium in the 
chamber. 


In order to determine directly the error on the curvature measurement, | 
we have studied the spurious curvatures of energetic u-meson tracks without 
magnetic field. The r.m.s. sagitta is 0.21mm, corresponding to a radius of 
curvature of 100m. Such a curvature corresponds to momenta of 18 GeV 
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in our magnetic field. It can therefore be seen that the distortion error, and 
not the width of the tracks, limits.the accuracy in curvature measurement. 
On the other hand it can be seen that this error is of the same order of ma- 
enitude as that obtained in most of the classical cloud chambers ('). 

This value of 18 GeV limits the use of u-mesons at a momentum of 8 GeV 
(By = 80). To study values of fy larger than this limit, we use electrons from 
local cosmic-ray showers. In most cases the uncertainty introduced by this 
error in momentum is not larger than 10% of the ionization error. 


4. — Ionization measurement. 


We use a stereoscopic microscope for droplet counting following the method 
elaborated by W. B. FRETTER and HK. W. FRIESEN. 

In order to obtain optimum accuracy in the ionization measurement, we 
operated in the neighbourhood of a droplet density of about 30 drops/em: 
higher densities lead to a rapidly increasing error and lower densities to an. 
important fluctuation error. For the use of Xenon we have built alow pressure 
chamber (19 cm Hg). 

For droplet densities less than 50 drops/cm the overlapping correction is small 
(<2%). This correction was calculated using the results of the Berkeley group 
and fitting them to the conditions of our experiment (*). 


Tonization fluctuations o;. — We can determine the ionization fluctuations 
directly from the dispersion, within the same track of the number of droplets 
N, per cell. In order to ensure the independence of elementary cells from 
each other, we have chosen an elementary cell sufficiently large (2 cm) with 
respect to the mean width of the track (0.2 cm). In practice we have used 
cells composed of 4 adiacent counting cells (0.5 em). (The ionization fluctuation 
for a full 35 cm long track is o,= 9.0%). 

Ionization fluctuation can also be determine by the study of the dispersion 
on the counting of several electrons belonging to the same electron shower. 
A statistics of 109 tracks gives us o,= 9.4%. 


Counting error o,. — We can estimate the personal error by comparing 
the counting of a same track by several people. We estimate that 5% is cer- 
tainly an upper limit for this error o,. 


Total error on ionization measurements. — We have studied external dis- 
persion of our measurements i.¢. dispersions of experimental points around 
the experimental curve. This dispersion 18 G3 == 12.0%, 

Comparison between o; and o, leads us to think that one has to take into 
account an additional error of the order of 8% due to the fluctuations of the 
minimum from picture to picture. 
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The best extimate of the total error of ionization measurements is given 
by the value of external dispersion o,, viz. 


o/=12,0% 


for one track. 
However, in the cases where the number of tracks in one picture is large 
enough to make comparison measurements, it is possible to reduce the error to 


0; = 9.4 mine 


5. — Experimental results. 


Four experiments have been performed with different gas mixtures: 


Experiment (1) Pure Xenon 
Experiment (2) Xenon and Hydrogen 
Experiment (3) Xenon and Helium 
(4) Xenon and Helium 
(with higher pressure). 


Experiment 


The operation of the chamber required the addition of alcool (4 cm Hg) 
as an additional constituent to each mixture. 

For each of the four experiments we have measured 200 couples of va- 
lues (N, x): 


N= number of droplets per centimeter, 
Ei Bore. 


With these results we have to draw the curve N=f(x#) in the range of 
relativistic velocities. 

To a first approximation the ionization increase is a linear function of 
loga. On the other side, a law in 1/x? holds before the minimum. For our 
calculations we choose an a priori expression enabling us to fit easily our results: 


etd 


a2 


Nea log kav . 


This expression contains only the two parameters a and k. It does not take 
into account the density effect. Applying the least square method to all 
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measurements of Py < 500 we can easily determine the two parameters « and 
k and then deduce the two other interesting physical parameters: NV, and «/N). 


N,= number of drops per cm at minimum, 


a/N, = slope of the logarithmic relativistic increase. 


The solid curve (experimental) is the best fit of all the experimental data 
below fy = 500 to the form: 


log kx . 


N etd 
ee) 7 


For all experiments most of the points beyond #= 500 are below this 
curve. We can study the deviations of these points from the straight line 


N 
ae (a/No) log ka 


AN 9 


for judging to what extent the density effect is significant. 

In a more elaborate fitting method account was taken of a possible cur- 
vature in the upper part of the curve, and all points were included. In the 
figure this curve is drawn in dotted lines. 

We have chosen a more striking parameter than k for comparing the dif- 
ferent curves. We adopted o= N/N, for x= 300. 

e It can indeed be seen that the density effect for this value of w is small 
enough to let its indetermination have no influence on g. 

We have calculated in each case the ion proportions of each constituent. 
This calculation is an approximation because it does not account for the com- 
plexity of secondary ions. It was done only to show that in these four experi- 
ments we measure essentially the Xenon ionization. 

We have determined in each experiment the mean-square dispersion o, for 
a track with respect to the experimental curve: 


(N; — Ni)? 


al 
2 
= 59 Nou : 


N number of drops/em for the i-th track, 

N.;=number of drops/em taken on the experimental curve at the point 
tee 

n = total number of tracks counted in the experiment. 


24 - Il Nuovo Cimento. 
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This experiment involved a rather important difficulty. Xenon has bad 
thermal conductivity. Droplets grow slowly. In order to increase the scat- 
tered light we were obliged to adopt a longer lighting delay (~ 200 ms) and 


to open the objectives at o—16 and reduce the depth of the illuminated 
region to 8 cm. 


Haperiment (1) - Xenon. 


N 
_ Mixture Partial Ton Ms oh 
composition | pressures | percentage 
Xenon 19 em Hg 90% 
Alcohol 4 cm Hg 10% 


194 tracks investigated; 250000 droplets 
counted. 

N,= 32.3 drops/em; 

Op 12.2%; 


/O 9 
0 1.69+ 0.05: important relativistic in- 


crease. 1.0 10 100 300 1000 


The density effect is not significant (one . 
standard deviation). Fig. 1. 


I ll 


The interesting result of this experiment is to show that in a heavy gas 
like Xenon the relativistic increase is really important. Unfortunately the 


photography conditions are very difficult and this is why we performed the 
next experiment. 


The hydrogen molecule has only two electrons and in spite of its high pro- 
portion in the mixture it contributes only very little to ionization. Hydrogen 


Experiment (2) - Xenon Hydrogen. 


Mixture Partial Ton 
composition| pressures percentage 
Xenon 15 em Hg 84% 
Hydrogen | 25 em Hg 6% 
Aleohol 4 em Hg Os 
201 tracks investigated; 250000 droplets 
counted. 
No = 27.8 drops/em; 
o = 12.5%; 
o =1.72+0.05: important relativistic in- 
crease. 
A possible density effect (2 standard de- 
viations). 


~~. 
~ 
nN 
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being diatomic (y=1.4), the expansion ratio of the chamber must be higher 
than that for a pure noble gas. This is a further difficulty for the operation 
of the chamber but the droplets are of a good quality due to the good thermal 
conductivity of hydrogen which makes these droplets grow fast enough. Flash 
delay can be 150 ms and the objective aperture o = 20. 

The interesting result is the following: hydrogen does not change the rela- 
tivistic increase of ionization of Xenon and it has two elements favouring these 


. experiments. 


1) Improvement of photography conditions. 


2) Possibility to work with a chamber at the atmospheric pressure by 
increasing the proportion of hydrogen. 


In order to attain a low expansion ratio we have done the following expe- 
riment, in which helium is used instead of hydrogen. 


Experiment (3) - Xenon Helium. 


Mixture Partial Ion 
composition | pressures | percentage 


2.0 I= 
0 


Xenon 15 em Hg 84% 

Helium 25 em Hg 6% 

Alcohol 4em Hg 10% 

280 tracks investigated; 340000 droplets 
counted. 

No= 30.8 drops/cm; 

6 ess Oo 

o = 1.33+0.04: weak relativistic increase. 

Significant density effect (2.5 standard de- 10 10 100 300 1000 
viations). Fi g. 3. 


The operating conditions of the chamber and the droplet pictures were 
excellent. 

It can be seen that in this mixture one helium atom replaces exactly one 
hydrogen molecule. An electron from a helium atom is little different from an 
electron belonging to a hydrogen molecule; we have therefore thought that 
the relativistic increase would be of the same order as that in the previous 
experiment. The present case proves that it is weaker. A similar experiment (?), 


(2) R. C. Kepier, C. A. p’ANDLAU, W. B. FRETTER and L. H. Hansen: Nuovo 
Cimento, 7, 71 (1958); R. C. Kepier: Thesis-Berkeley (1957). 
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for lower pressure of Xenon and Helium, has given a result intermediate be- 
tween the last one and that of the experiment with pure Xenon. 
To check the effect of partial pressure of helium we performed the fol- 


lowing experiment 


Experiment (4) - Xenon Helium. 


Mixture Partial Ton * N 
composition) pressures | percentage . I=y 
Xenon 14 cm Hg 78% 
Helium 50 em Hg 12% 
Alcohol 4 em Hg 6% 
190 tracks investigated; 240000 droplets 
counted. 
N,= 32.0 drops/em; 
o. = Abs 
oe = 1.25+0.05: weak relativistic increase. 
Significant density effect (3 standard de- 
viations). Fig 4 


The relativistic increase is in fact less than that in the previous experiment 
but the difference is perhaps not significant. 


6. — Interpretation of results. 


We summarize our experimental results in the following way: 


1) The relativistic increase in Xenon is important. This effect is cer- 
tainly due to the high atomic number of Xenon. 


2) Hydrogen mixed with Xenon does not significantly change the rela- 
tivistic increase of Xenon. This result is not surprising, for hydrogen does 
not contribute appreciably to the ionization. 


3) On the contrary, if Helium is mixed with Xenon, under the same 
conditions, the ionization increases drops considerably. This result shows that, 
in the velocity range investigated, ionization has no additive character as far 
as the constituents of the mixture are concerned. 


4) The disturbing effect of helium seems to increase in the same way 
as the partial pressure of helium. 
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Theoretical interpretation. — There are no theoretical calculations available 
_ for exactly fitting the phenomena under discussion. However, experiments 
have been done at low energies showing that ionization is proportional to the 
total energy loss by collisions (*). If we suppose that this proportionality is 
still true at relativistic energies, we can use the Bloch formula (*): 


dH 2ane4 2me?B2n ae 
ae mer tog (1— pe ae 


giving the total energy loss for elementary transfers less than 7. In our expe- 
riment 7 corresponds to the energy to be given to the surrounding medium 
to form a blob of 40 droplets. Results of JESSE and SADAUSKIS (?) enable us 
to determine the energy loss necessary to form an ion pair 7 = 700 eV. 

The slope of the relativistic increase depends on »/J> only. 

The determination of 7, can be done with the STERNHEIMER (°) data fol- 
- lowing CALDWELL’s (°) calculations and the esperiments of SAcks and Rt- 
CHARDSON (”). 


f=. 19 eV. for ae 
se MESS He 
Swe (5 a) C 
==, Cle Oz 
= 755 » Xe 


We can hence calculate 7, for each mixture. 

However, in order to interpret our experiment, it seems that we should 
choose a different value of 7, for Xenon. Let us consider the binding energies 
of the different electron shells: 34500 eV, 5050 eV, 830 eV, 170 eV, 64 eV 
and 12eV. We can see that electrons with binding energy of 34500 eV, 
5050 eV and 830 eV contribute very little to the studied phenomena. When 
a strongly bound electron is being removed a great number of ions is probably 
produced by secondary ionization and thus the blob will not be counted since 
we chose a cut-off value 7 = 700 eV. 


(3) W. P. Jesse and J. Sapausxis: Phys. Rev., 88, 417 (1952); 94, 764 (1954); 
100, 1755 (1955); 97, 1668 (1954); J. Weiss and W. BrRNsTEeIn: Phys. Rev., 108, 
1253 (1956); C. J. BAKKER and E. Sucre: Phys. Rev., 81, 489 (1951). 

(4) B. Rossi: « High Energy Particles ». 

) R. M. SternuEmmER: Phys. Rev., 103, 511 (1956). 
(6) D. O. CALDWELL: Phys. Rev., 100, 201 (1955). 
(7) D. C. Sacus and R. J. Ricuarpson: Phys. Rev., 83, 834 (1951); 89, 1163 (1953). 
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Therefore we suppose that AK and L electrons play no role and we use the 
value I, = 400 eV. 

With these values we can calculate o,,, for each experiment after bringing 
some slight corrections to these values for the density effect calculated fol- 
lowing Sternheimer’s theory (°). We take into account the uncertainties on 
7 and I, to calculate the errors of @,,: 


Experiment Th Density calculated experimental 
| 0 Q @ 
effect 
(1) Xenon 320 eV — (0.01 1.69 40.03 1.69 +0.05 
(2) Xe + H, 260 eV — 0.03 1.65 +0.03 1.72 +0.05 
(3) Xe + He 270 eV — 0.025 1.66 --0.03 1.33 0.04 
(4) Xe + He 220 eV — 0.04 1.60 0.03 1.25 -+0.05 


We see that our experiment agrees with theory for the first two experiments, 
whereas the discrepancy is 5 standard deviations for the two other experiments. 

We can question two assumptions used in the above theory in order to 
explain the particular property of helium. 


1) The proportionality between ionization and energy loss by collision. 
This might not be verified at high energies, because of the complexity of 
secondary ionization in the case of mixtures. 


2) The additive property of energy loss when polarization effects occur. 
Indeed the ionization potential of the six 5p-electrons of Xenon is only 12 eV. 
Helium, on the other hand, has an ionization potential of 24.5 eV and there- 
fore has absorption lines in the region of ionization frequencies of Xenon. 
To this absorption may correspond a strong resonance polarization preventing 
5p electrons of Xenon to participate in the ionization increase (8). 


This effect would not be expected to occur for hydrogen for which the 
ionization potential is 13 eV. 


The authors wish to express their gratitude to Professor L. LEPRINCE- 
Rincurer for numerous discussions and encouragements. They would also 


(8) A. Rousset: Thése Paris, Séries A, n. 3214 (1958). 
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like to thank all the technicians for their help during the experiment and par- 
ticularly Monsieur M. REPOSEUR. 


RIASSUNTO (*) 


Si studia con il metodo del conteggio delle gocce in una camera a nebbia, aumento 
relativistico di ionizzazione di vari miscugli gassosi. Se indichiamo con @ la ioniz- 
zazione relativa di B/4/1 — B? uguale a 300, si trova che nello xenon puro e nei miscugli 
di xenon e idrogeno, o é dell’ordine di 1.7. D’altra parte il valore di g discende brusca- 
mente a 1.3 se si mescola elio con lo xenon. 


(*} Traduzione a cura della Redazione. 


3279 


IL NUOVO CIMENTO Vou. XI VeaNe es 16 Ottobre 1959 


The Proton-Neutron Mass-Difference According to Meson-Theory. 


L. O’RAIFEARTAIGH (*), B. SrEpNIAWA (**) and CH. TERREAUX (*#*) 


Seminar fiir Theoretische Physik der Universitat - Zurich 


(ricevuto il 30 Maggio 1959) 


Summary. — The proton-neutron mass difference is calculated assuming 
that it is due to a mixed mesic-electromagnetic self-energy. The self- 
energies of the proton and neutron are calculated in the e?f? approxi- 
mation on grounds of meson theory both for ps and py coupling. To 
make these finite the form factor suggested by ARNoUS and H&ITLER 
is applied to all three (nucleon-meson, nucleon-photon, and meson-photon) 
interactions. It corresponds to a cut-off of the virtual momenta at K 
(of order M/=nucleon mass), when the particle is at rest and is there- 
fore a generalization of the extended source model. To carry through 
the otherwise extremely complicated calculation a further crude approxi- 
mation is made, namely an expansion ~1/M. For both couplings the 
correct sign is obtained but in the ps case the result is too small by a 
factor 100. In the pv case the correct order of magnitude is obtained 
but the numerical value is still too small (by a factor of at least 5 or so) 
to overcompensate the purely electromagnetic self-energy of the proton. 
A comparison with the earlier work of FEYNMAN and SPEISMAN shows 
that the latter is not in agreement with the results of meson theory. 


1. — Introduction. 


In recent years some attempts have been made to calculate the proton- 
neutron mass-difference using semi-phenomenological methods (17). As these 


(*) On leave of absence from Dublin Institute of Advanced Studies and Uni- 
versity College, Dublin. 

(“*) On leave of absence from the Physical Institute of the Jagiellonian University, 
Cracow. 

("*") Present address: Department of Theoretical Physics, the University, Liverpool. 

(*) P. FEYNMANN and G. SpErsMANN: Phys. Rev., 94, 500 (1954). 

(?) M. Crni, E. Ferrarr and R. Garro: Phys. Rev. Lett., 2, '7 (1959); A. PETER- 
MANN: Helv. Phys. Acta, 27, 441 (1954); K. Huane: Phys. Rev., 101, 1173 (1956). 
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attempts are, by their nature, open to some doubt, we have attempted in this 
paper to calculate the mass-difference consistently from ordinary electromag- 
netic and meson theory. f 

This means, of course, that we regard the mass-difference as a mixed electro- 
magnetic-mesic self-energy effect, a viewpoint in sharp disagreement with the ear- 
lier « renormalization philosophy » (*) which declares that such self-energy effects 
are unobservable in principle. However, this latter philosophy can hardly 
be maintained, particularly in view of the fact that the ~~-z° mass-difference, 
which jis almost certainly an electromagnetic self-energy, is observed. In 
agreement with our yiewpoint, it has been shown (*), that in a convergent 
theory, the use of renormalization is purely a matter of convenience; care must 
only be taken to use the theory chosen (renormalized or otherwise) consistently. 

We note that the mass-difference will be explainable at any rate only as 
mixed electromagnetic-mesic effect—as is well known, the pure electromagnetic 
field of the proton leads to a mass-difference of the wrong sign, while a pure 
mesic effect, an account of charge independence, leads to no mass-difference 
at all. We calculate, therefore, the lowest order in the mixed electromagnetic- 
mesic nucleon self-energy (ps and pv), namely the e?g? and e¢?f? terms in the 
perturbation-theory expansion. Even in this low order we are forced to make 
a further simplification in order to avoid immensely lengthy and unmanageable 
calculations. This is a non-relativistic (N.R.) approximation. It is, of course, 
of doubtful validity, as virtual-energies as high or nearly as high as the rest- 
mass of the nucleon take part in the process considered. Our results, there- 
fore, can only be regarded as a crude approximation to the correct theoretical 
mass-difference. 

A cut-off must be introduced into the theory as otherwise the integrals cor- 
responding to an ordinary Feynman calculation are divergent. We introduce 
therefore a form-factor of the type advocated by ARNouSs and HEITLER (°), 
and we construct it as follows: In any Interaction-Hamiltonian corresponding 
to a particle (meson or nucleon) emitting or absorbing a single Boson we intro- 
duce a factor (in momentum space) 


m2 K? 
o(p, q) = m2 K2 “is (p-q)? Pa pq? 3 


(1.1) 


where p and q are the four-momenta of the emitting (absorbing) particle before 
and after emission (absorption), m is its mass, and A an assumed universal 


(3) §. S. Scuweser, H. A. Betue and F. pr Horrmann: Mesons and Fields, vol. 1 
(London, 1955), p. 273. 

(4) A. Tuettune: Helv. Phys. Acta, 25, 307 (1952). 

(5) E. ARnous and W. Herter: Nuovo Cimento, 11, 443 (1959). 
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cut-off parameter (°). Other experimental evidence points to a value of A 
in the region of the nucleon mass M,,,. We take K=3M,,, and K= M,,,. 

This cut-off is a generalization into the relativistic region of the « extended 
source » model used successfully by CHEW (*). For 7=0, pp= m (1.1) cuts 
off the virtual momentum k (=7~—{) at |k|~ K. (1.1) is O, P, 7 invariant 
(separately). In our case, the form-factor of (1.1) corresponds exactly to the 
extended source model for all interactions in which the nucleons take part, 
because we work in the rest system of the nucleons and the nucleon is at rest 
or nearly at rest in all parts of each Feynman diagram. For the meson-photon 
interactions, on the other hand, the energies are large compared with the rest 
mass of the meson. For these interactions the influence of @ on the S-matrix 
has been derived. The latter is found to be quite convergent, but is in general 
not relativistically invariant, in spite of the fact that o is an invariant. 
However, the meson-photon interaction appears in only two of the Feynman 
graphs, and these are already made convergent by the cut-off applied to the 
nucleon-meson and photon interaction (extended source). The form factor 
applied to the relativistic meson-photon interaction merely modifies the nu- 
merical results—as will be seen—not to a very large extent. While, admittedly 
our treatment of the meson-photon interaction can only be regarded as an 
indication, the results are not too much affected by this uncertainty, in par- 
ticular in view of the crude approximations made elsewhere. 

In turns out that the ps and pv theories lead to a correct sign for the mass- 
difference. In the ps case the order of magnitude is too small by a factor of 
about 100. In the pv case the order of magnitude is correct, but the result 
is still too small, by a factor of about 5 at least, to overcompensate the purely 
electromagnetic self energy of the proton. In view of the approximations in- 
volved we regard this result as not too unsatisfactory for the pv case. The 
result is, of course, strongly cut-off dependent. The result lends some further 
support in favour of pv rather than ps coupling. 


2. — Notation. 


The wave-function of the nucleon is represented by y, (y=y'y"). y includes 
the two isotopic-spin states y, (proton) and y, (neutron). The charge oper- 
rator t, acting on these two states has the following properties: 


et 


Ty, = 0 Oat 
(2.1) 


Ty Pp a > T3Y, = Yo 
ES eae 0 ts) ee ne 


(°) G. F. Comw: Phys. Rev., 94, 1748, 1755 (1954) and subsequent papers. 


8282 


THE PROTON-NEUTRON MASS-DIFFERENCE ACCORDING TO MESON-THEORY 379 


The pseudo-scalar wave function of the z-meson is represented by 9g, 
(y3 represents the neutral x° and the complex 9, p* represent the charged Tw). 
We take e? = 47/137. 


g = coupling constant in the pseudo-sealar (ps) meson-theory. 
f = coupling constant in the pseudo-vector (pv) meson-theory. 


A four vector is written as x = (ay) 2). The metric used is g,,, where 
Goo == F:2— 1, t= 1, 2,3 Iu = 9 for ur. 
This means that a vector product A-B is 
ABBA BAe 


In the interaction representation the Hamiltonian-density operator des- 
cribing the interaction between the nucleon, meson, and electromagnetic fields 
is (for the local theory) 


(2.2) Hiy.(x) = ep(y:A)t,y + ie[p*0, 9 — (0,9*)p]A,— @g*pA-A + 
+ py ts PsP + 9V2 pyr(tp + TIY*)y + 


= J Byte Ps)y + a /2 py y"(TOup + T*0,9*)y — 
Cs ed 
mv py (yA) (ty —T'@*)y- 


where », p, A,, are understood to mean (x), p(x), A, (x) respectively. In H,. 
the «normal-dependent » terms have already been dismissed, since according to 
MATHEWS (7) and ROurticH (') these play no role in the calculation of the 
S-matrix, provided that at the same time [,¢,] is replaced by 0,019 Pl. 
Naturally this procedure, which is consistent for a local theory may be open 
to some doubt when a form-factor is present. The best justification for its 
use (in the absence of a consistent form-factor theory) is that with this pro- 
cedure we obtain as close a correspondence as possible with the local case. 

It is assumed that the reader is acquainted with the techniques of per- 
turbation theory, Feynman diagrams, etc., and we use the language usually 
associated with them. . . 


7) P. T. Marrunws: Phys. Rev., 76, 684, 1419 (1949). 
) F. Romriicu: Phys. Rev., 80, 666 (1950). 
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Generally g? refers to ps and f? to pv meson-theory, but sometimes when 
we are concerned with meson theory as such without distinguishing between 
the two couplings, we use f? to denote both g? and f?. 


m, — mass of electron. 

bu = mass of z-meson, w= 270 m,. 

HU = experimental mass of the nucleon, M,,, ~ 1836 m,. 

6M, = Muyy— Maya OM = — 2.5 m,. 

M, = theoretical mass of the nucleon, 7.e. the mass in the absence of 
electromagnetic or mesic interactions, M,,— M,,. 

M = theoretical mass of the nucleon, calculated in the presence of both 
interactions. 

OM = electromagnetic self-energy of the proton, calculated in the order e?. 


OM, = self energy of the proton, neutron, calculated in the order e¢*f?. 


AM denotes an element of the S-matrix, S. The -@ corresponding to a Feyn- 
man diagram is given the same label as that diagram. The relation between 
M and the corresponding 6M is (°) 

(2.3) 6M = ae M 
(200)" 


With this convention we do not attach a factor (22) * to the external lines 
of the Feynman graphs. 


3. — Electromagnetic self-energy of the proton. 


The purpose of the present paper is to calculate OMe; _.. As, however, 
the electromagnetic field alone has an appreciable contribution to the mass- 
difference M,— M,, we first consider OMe ,=OM: (Note that due to 
charge independence 6My_, = 0.) 

In order to be consistent, we must cut-off OMe: (which diverges logarithmi- 
cally) in the same way as OM. namely, by the use of a form-factor as 
explained in Section 1. Now OMe is given by the well known expression de- 
rived by using the Pauli-Rose variable z (an invariant) (?°) defined by 


ee (E+|¢ |p P= Me, 


(*) S. S. Scoweser, H. A. Berne and F. pE Horrmann: l.c., p. 257. 
(°) W. Heitter: The Quantum Theory of Radiation (Oxford, 1954), p. 297. 


3284 


I 


THE PROTON-NEUTRON MASS-DIFFERENCE ACCORDING TO MESON-THEORY 381 


(¢ =momentum of virtual photon, H = energy of nucleon in dissociated state). 
OM: is an integral over 2 alone. Tt can be shown that cutting off with a 
form-factor as in Section 1 is much the same as cutting off 2, at 2 say, where 
2) is so chosen that it corresponds to |¢|< K in the rest-system (p = 0) of 
the proton. On calculation it turns out that 


em, 43 1 
(3.2) OMe => See (3 log &o + 32 — 3] 
so that, numerically 
3.25 m, for K=# M,,,, 
(3.3) OM: = 
4.75 m, for) fee oes 


As is well known the sign of 6 M_: is the opposite to that required experimentally. 


_ We remark, that if we calculate 6M: using the same cut-offs, but with a N.R. 


approximation we obtain almost the same results. (We get those of (3.3) re- 
duced by about 15%). This is an indication that the N.R. approximation may 
not be too inaccurate. 


4. — Mass renormalization. 


It has already been mentioned in Section 1 that it is immaterial whether 
one uses a renormalized theory or not, provided only that the theory chosen 
is convergent and is used consistently. 

In our case we choose to renormalize the theory with respect to its purely 
mesonic self-energy (which is symmetrical with respect to proton and neutron). 
This choice is made for two reasons: 1) It simplifies the calculation. 2) Although 
all self-energy effects are probably small in comparison with M,,,, the assump- 
tion that they are small seems to be much more justified in the electromagnetic 
and mixed electromagnetic-mesic effects (on account of the smallness of e) 
than in the case of pure mesic effects. We, therefore, take 
(4.1) Me Ma OM ee 3 
and insert in the later formulae for M,+6M,,,. the experimental nucleon 
mass. We do not renormalize with respect to the electromagnetic self-energy, 
as this contributes to the mass-difference in question. 

In the e?f? approximation there is no point in renormalizing f?, but the 
question then arises whether we should use the renormalized or unrenormalized 
value for numerical purposes. The former is probably of the order 0.1 but 
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the latter is larger and may be considerably larger. We shall, therefore, use 
values 0.1~ 0.2 but f? may be still larger than the latter figure. 
The renormalization with respect to 6M,,,,,, is carried out as follows. 


Working with M, (i.e. in the completely unrenormalized theory) we would 
find for the mass M of a nucleon 


(4.2) M = M,+ 6M p(M,) + 6M (My) + OM ap(M) +... 5 
where, for example, 
(4.3) 6M pp( My) = <M, |S(F,.) | Mo>eaf2 ’ 


<M,| and | M,> being free-particle states of the nucleon with the theoretical 
mass M,. We now define the operator H{,,,,, by 


(4.4) EH 


mesic 


— y OMircsic ) 


and then to renormalize we make the following changes (1), 


(4,5) ; His fea vate a ne Seok ] 
(4,6) M, > My +6Mi0( Mo) - 


As mentioned above, M,-+ 6M, 


mesic 


is to be put equal to Y,,,: 


exp’ 


Let us now neglect terms of order higher than e¢?, f?, ef?. Corresponding 
to (4.2) we now have 


(4.7) M =[(M,+ 6M,(M,)] + 6M,(M,+ 6M.(M,)) + 


+ 6M op(Mo+ 6Mp(M)) +... | 
where ; 


(4.8) 6M, (M,+6Mp(M,)) = <Mo+ 6Mya(M,)) |S(Hine — Hp) | M+ OM p(My)> 2 
(4.9) 6M. 2(M,+6M»(M,)) = «My+ OM,.(M,)) | Hy) | Mo+ OM y2(Mo)> 242 4 


<M,+6M,(M,)| and |M,+6M,(M,)> meaning a free-particle state of the 
nucleon with the renormalized mass M,+ 0M,(M,). Note that 


(4.10) 6M .(M,+5Mp(M,)) = 6M,(M,+ 6Mp(M,)) , 
since H;, plays no part in a purely electromagnetic effect. 


(*) W.. Herriumr: 7, es $b: 
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The equivalence of (4.7) and (4.2) will be shown in the appendix in order 
to emphasize the earlier remark that the renormalization is no more than a 
change of representation and leaves the relations between physical effects 
unchanged, 

From now on, we shall be working with H,,, — H%...., 
M,+ 90M .i0( My) ~ M,,, instead of M,. 


exp 


instead of H,,,, and 


esic 


5. — Feynman graphs. 


We proceed now to the calculation of OMe _.. The Feynman ‘graphs 
contributing to 6Mzz and d6Me, for H,,,—H,, are shown in ;Tables A, 
B, C and D. We consider first the graphs which on calculation give a non- 
zero contribution to the mass-difference. These are shown in Table A for the 
proton and Table B for the neutron. 


Convention CVE On) line 
----------- meson line 
AWWWwnrsSsphoton $line 


aR 5p cR 
' ee ae pee eae 
Hee Hye Hee 
d bea f 
--~.0 i \O 0, 
x 1 J b \ i 
a b 
V Vr 
Tl ie on ae + x 
a b c d 
r Pe oe 
Table A. 


The graphs labelled I, are due to the renormalization. The dots in them cor- 
respond to the term — H%, of (4.5). Note that %,, = 2.%,,, and M_ = Wy: 
Some ambiguity arises in the case of the nucleon propagators labelled 7 


~ 
oe 
ot 
fir} 
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because the values to be inserted in them are free-particle values. These am- 
biguities are handled by the method of HEITLER (!2). 


C a’ o 
ne V 
PS; ae Oe i dae 
( ~ " \ / i: f J ty ‘ i 
I II Ill 
Table B. 


In Table C are given the graphs for which 
M orf? = M of _ 
These obviously give no contribution to the mass-difference. 


pe / 
obs if “N+ ak fm \+ + % 
peste Sei, Se 


a CLs ae 
Table C. 


A further category of graphs is given in Table D. 


a : b c d 
as — at = @ 
10 0! ee 


Table D. 


These occur only in the case of the proton. They are not trivially zero, but 
it can be shown that they do not contribute (for @, and -@, because the spurs 
corresponding to the closed loops are zero, for -@, and .@,, because of symmetry 
properties of the integrands). 

It might not be out of place to discuss the consequence of adding a « con- 
tact» term to the interaction H,,. Such a contact term will be given by 


2 it 2 
(5.1) (Hint contact = I (Zyt) + k' (Fv) 


(12) W. HeiTzer: l.c., pp. 308-309. 
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where k and k’ are constant. However, as we have renormalized our theory 
in 6M, we must renormalize (H,,x)eontact 12 the same way. When this is done, 
all the graphs resulting from the addition of (H,,,)contace ALE a8 Shown in Table EE, 


ia een eee oa 
oes are a 


The small circle corresponds to (Hy4)entc itself, and the dot to the corre- 
sponding renormalization term. On evaluating the corresponding matrix 
elements (e.g. by the method of HEITLER (2) mentioned above) it turns out 
that the renormalized terms exactly cancel the unrenormalized. Thus the 
total contribution of the contact terms is zero. 


6. — Method of calculation. 


The integrals corresponding to the Feynmann graphs of Sect. 5 are diver- 
gent. In order to make them convergent we introduce a form-factor as 
mentioned in Sect. 1. Such a form factor appears at each corner of the graphs. 
In general, the presence of the form-factors will make the calculation of ma- 
trix elements extremely complicated. In the non-relativistic approximation, 
however, the situation is not so bad because, in this approximation the nucleon 
can be considered as almost at rest in any part of the graph. (Owing to the 
cut-off, the virtual momenta emitted by the nucleon have values < M,,,). 

In this case, the form-factor at any corner involving a nucleon line is no- 
thing more than an ordinary symmetrical cut-off K on the 3-momenta of the 
virtual Bosons (extended source model). 

Now in Tables A and B almost all the corners involve nucleon lines. The 
only exceptions are the corners marked V in II,, II, and IT, (one in each graph) 
where the interactions involve mesons and photons only and are thus relati- 

vistic. For these reasons our simple cut-off procedure, consistent with Sect. 1, 

will be: All the integrals of tables A and B are to be cut off symmetrically in 

the 3-momenta of the Bosons (with the sharp cut-off K). In addition, for the 

graphs IT,,,,, the integrand is to be multiplied with the form-factors @ corres- 
ponding to the vertices V. 


25 - Il Nuovo Cimento. 
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We turn now to the actual calculation. As it is not practical to show expli- 
citly the calculation corresponding to all the graphs of Tables A and B, we 
choose a typical graph, II, in the pv-case (see accompanying diagram) 


Il 


ap* 


and indicate how its matrix element has been calculated. The matrix ele- 
ment of IT?” is 


ea ‘ef 
6.1 ha a (et) ff 4(kq)(2k — 
(6.1) Tlap qa) q; Y)7 (p— -q, am iu. 


1 1 
k— k- au Siig : 
Te oe ki ae We k? — 3 (k— 9) 


where p= (9, p) is the 4-momentum of the free nucleon. 

K indicates the sharp cut-off on |q|, |%| and 9, is the relativistic form- 
factor of the vertex V mentioned above. In this section 9, in these vertices 
will be neglected. Its effect will be taken into account in the next: section. 
An alternative form for (6.1) is 


9 é — WU, a en 
(6.2) Men = 2 (A) facgnen—q 9 @=RV AM ye(k—q y): 


P= Ey) ot Meo ey 
(Ko— Po)? — Qi est gs — @ ki — wo (Kp — qo)? — @? 3 


bined SN ace Prati N 


= (@— I+ Men, B= @-kP+ ML, C= GT, ota ke+p, 
@* == (k — 4)? +p. 


M;;,, like all the elements of Tables A and B, has two integration variables. 
We first carry out the integrations over k, and q, by the method of residues. 
In doing this some care must be taken. In the five propagators of (6.1) it is, 
as usual, assumed that each of the five masses m; has a small negative imagi- 
nary part —io;, which is to be put equal to zero after integration. Now it 
turns out that, to avoid ambiguity, no o; should be put equal to zero until 
both the ky and q, integrations have been performed. Moreover, it is necessary 
to adopt a convention of sign for some of the differences o; —o;. The result 
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is (as it must be) independent of the convention chosen. In practice, however, 
a suitable convention shortens the calculations. 

In the case of Mi, there are eight propagator poles (listed below) which 
contribute. The further integration of @,, (over d*kd*q) is very difficult. 
Moreover, the terms from the eight S idiven mentioned contain, separately, 
singularities. These singularities disappear on combining the terms but the 
combination is very awkward. At this stage, therefore, we are forced to make 
the non-relativistic approximation. It consists in expanding the integrand of 
(6.2) after k,, qo-integration, in terms of 1/M. exp! and taking only the first term 
in the expansion. (For simplicity we also put p= =(, which is always allowed). 
For example, in (6.2), after k,, qo-integration we have 


[Rig ed ney 2M...’ 
ie 
2, == MS ar 2M ox» ; 


while w, q, ® remain unchanged. Note that for p=0 we have the additional 
simplification that the denominator is invariant under the simultaneous trans- 
formations k; > —k;, ¢; >— 4: (s=1 or 2 or 3). Using these simplifications 
(6.2) reduces to- 


(6.3) Me =" emi)? (1) ffarnouie— Fao. 


(220)* 
where 


ete) = py— Q, 
from the pole eo rras 


pa og?(w? — W?) ky =—©@ 
=. y Go = i Q, 
g?(a? — w?) ky = Py —2,—O 
ill qo a 
i 2qu?(g? — 0?) ‘ Ko = Do— 82; 
20 — q % =—4 
*§ 4wq?[(q — w)? — w?] ‘ k,=—o 
20 + ¢ ‘ ii—ad Ge: 
foy(y + oq + oF—0F] hy =—q—@ 
ali Jo = Po Q,—@ 
B 2@w?(w? — q?) : ko = Po— Qe 
ets ieee 
aa = = = » 
4@°0(o + ©)[@— (w+. @)?] ky =—@ 


+0(x s ae eal 
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The singularities in the separate terms are here quite evident. However, 
they disappear when the terms are suitably grouped and added, the result 
being 


200) + g(w — @) 
(6.4) Ris 40°@o(w + ©)(¢+ @) 


It should, perhaps, be mentioned that 47, contains no infra-red catastrophe. 
Note that the N.R. approximation can be made only ajter the ky, qo-inte- 
eration. In practice, however, it simplifies the calculation to make the approx- 
imation in the numerator before the ky, qo-integration, using in anticipation the 
fact that only poles for which k, and q are of order 1 or 1/M,,, will play a role. 
It might also be mentioned that in some graphs (in pv-coupling) it appears 
at first sight that the .4)-integration will diverge. It can be shown that this 
is not the case, but as this difficulty does not affect any of the terms playing 
a part in the N.R. approximation we shall not discuss it in this paper. 
The final result is, therefore 


K 
“ 4 Ree RO ale ee 200 + q(@ — @) 
5 ey es Im1)2 3 3 2 : , 
(6.5) ie 2 ya ( ae (2) [fa k dq (k 5 Pr er Temes 


This integral, like all the corresponding integrals of Tables A and B, can be 
integrated out over d°k and d*q, if we take the reasonable approximation mu = 0. 


The calculation is asec lengthy, however, and we shall not present it 
here. 


7. — Effect of the cut-off in the relativistic vertex. 


We now take into account the effect of the form-factor 0 at the vertices 
V of graphs II,, II, and II., which was neglected in the last section. The 
form factor at V is, according to Sect. 1 


PA 


rd) Prk F > F — 
2K? + (Keli — Feo K')? — (ls — 2) (RP — 8) 


= 
| 


) 


where k’ is the 4-+momentum of the meson-line labelled k — q, before the appli- 
cation of the 6*-function at V, is the meson-mass, and AK the universal cut-- 
off. At the other vertices we have similar nucleon-nucleon form-factors. 

A treatment of the S-matrix theory in the presence of these form-factors 
would be too lengthy for the present paper, so we shall merely state that a 
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derivation (*) of the S-matrix, according to the non-local theory (°) embodying 
these form factors, leads to the following result. In the N.R. approximation 
considered 


oe a8 
a2) ai = 2 (4) {four B+ Pa 


AM ep (2ky do) = Ss 0 vi 05 a Sai 4M exp Ko ‘ ota! -; ech) 
(p= q, Y) Ty eice k, A Oley Mex] q?(k — pu?) (k an q)? — wy) saan rs 
where 
eae 
wrk? — [wo - ie (hk — gy uw = 
and 
22 
e(—) = —— (oes 


Here, the d*k, d°q integration is to be taken, as we had anticipated, over 
all \k |, q| < K, and o(—) and o0(+) express the effect of 0,. Note that o(+) 
contain no space-like vectors and have no poles of kj, q. The integral (7.2) 
is perfectly convergent, but the corresponding matrix element is not invariant. 

The integral (7.2) can be integrated immediately over ky and q. The re- 
maining integral over d®k, d?q cannot be calculated rigorously, however, on 
account of the form of 9, and we are forced to make (as well as the N.R. approx.) 
the approximation w@=@ (whose validity is discussed below). In this approx- 
imation, we find 


a é iy ea ef ee k-q 
(7.3) Mix oma = (2m)? > mate } [fare a D503 alee 


In the absence of 0, the same approximation would give us, from (6.5) 


K = > 
7 en fet\? k? — k-q 
(7.4) MER = w= (2000)? (27)! (<1) iil *(kq)- 203q2 ; 


Thus, for o =@, the effect of 0, is to multiply the previous result (6.5) 
by a factor @ where 


(7.5) Dea rage 


(*) To be published later. 
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On calculation 


ae LN) for K==3M_ , 
(7.6) Cay 
| 0,6 for Kis 


We take the effect of 0, (7.1) into account, therefore, by multiplying (6.5), 
which is calculated rigorously (o 4@), by @. 

This replacement seems to be a good enough approximation, especially in 
view of the uncertainty involved in the application of o to the relativistic 
case under discussion. 


8. — Results. 


Carrying out the integrations corresponding to all graphs in tables A and B, 
according to the methods described in the two previous sections, we have 
the following results (for notation, see Sect. 6 and Sect. 7). 


— ps-Coupling: 


7 té o— OW 
8.1 (PE) = — eel 0 3 — — — ——_ , 
ge femme) Pe mre cates 


This integral corresponds actually only to graphs II, and If,,. All other 
graphs are of order 1/M, and are neglected. 


—- pv-Coupling: 


| ef\? {3 ke ke 
8.2) 6M8R,-» =(— BM 
( ) OM, 77D —n) (“4 (2cr)8 Lf fave | 4 ray) 3g? 20?q?(@ os q) 4w*q(@ +- q) 


a ie L rie 200+ q(o—@) | ae 


4 o2q?(o-+q) | all! — ie wgo(a + o)(q+ wo) | 2q@2w2(q-+o)(q-+@) 
The first four terms of (8.2) correspond respectively to graphs (I, + Iu,+ 
+1,+ ae (Ig -+ Ty) Lat, A (Ip + Isz),- The first term of the square 
bracket corresponds to IT, and It,,, and the second corresponds to II, 
All graphs IIT are of order 1/M,,, and are neglected. Combining the terms 
of (8.2) we get 


KE => 
Dy ef\?_ 1 ; Be me 
OM tmx) = (=) eay| | {— og = Ok? — =a) 


| 200+ 4(a—@) | 2wH+4 I 
aaa eo ace eae 
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In the approximation « = 0, the respective numerical results are 


2 2 
(8.4) 5 M825 —— 2 (0.01) Mes cea Wr 
874 Map 
and 
M..p\? 1 K \3 "4 
825 OY) ny = ef Mess E ing sell gee 4 : 
( 5) OM ef n) ( ul Sort Mao se] [ 1+ 0.65 0| 


With the values g?= 15 ~ 30 and f?= 0,1~ 0,2 (ef. Sect. 4) and @ given by 
(7.6), viz 0,6 + 0,7, we express (8.4) and (8.5) in electron masses (m,) and ta- 
pbulate the result as shown. 


Cut off OM. | OM a | OM 292 OM ey 
\— —- ar — ~—- — — ~ — — | —_— — ———— 
KS 2 My | | 2.25 m, = 0.01, mm, | — 0.16 m, 2b Ws 
— 0.02 m, | — 0.32 m, 
IK == Nis. 4.75 m, — 0.02 m, | — 0.60 m, — 2.5m, 
— 0.04 m, | S11. 27m, 


The two values given in each box correspond to the two different values taken 
for the coupling constant. 


9. — Discussion. 


In discussing the results of Section 8, we note first that 6Mp. and 0M a, 
are both negative (as required by experiment) and are proportional to (K/M,,,)° 
and (K/M,,,)® respectively. However, for the probable values of (K/M,,,) as 
shown in the table (cf. also Section 1), it is seen that 6M. is too small by a 
factor of about a hundred and 6M, , is too small by a factor of about five 
or more. Although 6M, is not yet large enough to overcompensate the purely 
electromagnetic 6M, we regard this result as fairly satisfactory for 6M... on 
account of the crude approximations made: i) the expansion in 1/M,,, and 
ii) the expansion in f? (from the theory of the magnetic moments it is well 
known that the first term of the f?-expansion is insufficient but that one or 
two more terms are likely to improve the result. The same might be expected 
here). In particular OM, is sizeable only for values of (K/M,,,) > 1 and it 
is precisely when (K/1/,,,) > 1 that the N.R. approximation becomes insuf- 
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ficient. A further uncertainty is due to the application of the form factor @ 
to the relativistic meson-photon interaction. We found o ~ 0.6=+ 0.7. It should 
be clear that in any case 0<@< 1. Even allowing for a maximum of uncer- 
tainty the bracket in (8.5) can only vary between —1 and — 0.35, 1.¢ 
within a factor 3. But the extreme values are out of the question and the 
error caused by a possibly relativistic cut-off cannot be too large. At any 
rate it is unlikely that our 6 (~ 0.6= 0.7) is too large and a smaller 9 would 
improve the results. Finally the value of f? to be used is open to question. 
As was mentioned in Section 4, it is not clear whether, in this perturbation 
expansion, the renormalized or unrenormalized f? is to be used. Renormal- 
ization implies some of the higher orders in f and perhaps it would be more 
consistent to use the unrenormalized f. In the latter case (f larger) the results 
may yet improve. It is possible, therefore, that the insufficient value obtained 
is due to all these causes. 

At any rate, we can say that the pv result is satisfactory only with some 
reservations. With these reservations, it can be said that the p—n mass dif- 
ference is, for the first time understood on grounds of meson theory. 

One can obtain a rough idea, mathematically, why the e?f?-effect is so much 
smaller than the e?-effect (in spite of the meson coupling constant) by noting 
that in the latter effect the number of internal lines of the corresponding 
Feynman graph equals the number of corners, while in the e?f?-effect the 
number of propagators exceeds the number of corners by one. This leads to 
an extra factor 277/(27)* in the e?f?-effect. It so happens that the number of 
graphs and the values of the integrals (cf. (8.2)) do not offset this factor, 
particularly in the ps case. 

It might be enquired why the next order in 1/M,,, is not also calculated. 
At first sight the work required for this extra calculation is not too large, 
because the denominators of all the integrals to be calculated are the same to 
a first and second approximation —only the numerators change. However, 
in the second approximation calculations, a further calculating difficulty arises: 
the arguments of Section 6 which allow the tremendous simplification of re- 
placing all the form-factors occurring at nucleon vertices by sharp spherical 
cut-off is no longer valid (the nucleon can no longer be regarded as quite at 
rest in the virtual states). 


10. — Gauge invariance. 


The integrals used in the present paper have been made convergent by 
the use of a form-factor. Before this procedure is fully justified it is neces- 
sary to show that these integrals fulfil certain conditions which are imposed 
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by gauge-invariance. Diagramatically the gauge-invariance conditions (in the 
order ef?) are as shown in Table F’. 


for proton (PS) ; 
+ + sear 


for neutron (PS) 


ESN, i EN 


fi SSE ie \F 0 
for proton (PV) 3 
O+ ean \ 0+ Ne ‘ nen + a \ He Nes 
+ aie i + —— ee ee + ee ee ee 0 


for neutron (PV) £ 


yn : < 
if Nae +, \ fs Se it Nae 


Table fF. 


It is understood that by each diagram is meant the corresponding matrix 
element, complete with free particle spinors acting to the left and right (when 
q= 0 these graphs represent the effect of a constant electromagnetic potential 
on the nucleons, and this effect must, of course, be zero). 

“= Now diagrams of the type shown in F form parts of the diagrams of 
Tables A and B. Hence, if the integrals of the A, B graphs are to, be of value, 
the parts corresponding to the diagrams of F (complete with the free-particle 
spinors inserted at the relevant places — as indicated by the arrows in Table G@, 
for example) 


Table G. 


must fulfill the relations shown in F’, for q=0. 

It is found that, in the rest system of the nucleon (p= 0) and in the N.R. 
approximation considered, the required conditions are indeed fulfilled. Thus 
the convergent integrals we have used are not inconsistent with the demands 
of gauge-invariance:. 
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It should be mentioned, perhaps, that the presence of the free-particle 
spinors to the left and right in F is responsible for the anomalous magnetic mo- 
ment being a 1/ M2, effect (1%). On applying the spinors the terms of order 1 
and 1/M,,, vanish. In the graphs of A and B, on the other hand, there are 
no free-particle spinors at the corresponding places (they are inserted arti- 
ficially in @ only for test-purposes) and for this reason our mass-difference 
effect appears in the order 1 and 1/,,,. 


11. — The theory of Feynman and Speisman. 


FEYNMAN and SPEISMAN (referred to below as FS) have calculated M,— M, 
using a semi-phenomenological approach. We discuss in this section the re- 
lation between that work and the present paper. 

The FS approach is as follows. Instead of using the usual meson-theory 
they use only electromagnetic theory and allow for mesic interactions by adding 
to the usual interaction, a Pauli-term ¢e/4M-y,0,,7, where uw, is a constant, 
determined phenomenologically (anomalous magnetic moment of the nucleon). 

If we regard the FS Pauli-term as due principally to the order f? (which 
is not really sufficient), the effect calculated by FS corresponds graphically 


to our Tables A and B (three of the vertices in our graphs corresponding to a 
single vertex with the o,, F’ interaction in the FS graphs) but with a factor 2 


for the graphs I, I, and with the graphs I, I, and IT, omitted (this is for 


all orders in 1/M,,,, not merely the lowest). Thus the phenomenological ap- 
proach does not take all the possible processes contributing to the mass-ditf- 
ference properly into account. 

As, well as that, by: introducing the constant experimental value of uw, FS 
linit themselves to an approximation which is valid only for q — 0 (although 
their best results come from a high cut-off on q). In our calculations the 
expressions used for q are valid (apart from the N.R. approximation) for all 
values of q, and it is found that the larger values of q play a considerable 
role (they are partly responsible for the (K/M,,,)* dependence of 6M,./:). In 
other words, the «magnetic moment » is strongly frequency dependent, which 
is ignored in FS. 

Apart from the q-dependence, there is the further question as to whether 
the introduction of a physical effect in place of part of a Feynman graph is 
valid in the first place. According to Section 10, it is not, because the free 
particle spinors which are present in the calculation of the physical effect are 
absent in the middle of a graph, and their presence or absence has a consi 


(8) L. K. Panpir: Helv. Phys. Acta, 81, 379 (1958), Sect. 4. 
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derable effect. (In our case (Section 10) their presence changes the order in 
the 1/M,., expansion, so that FS are working in the order 1/M;.,, while 
we are working in the order 1 and 1/M,,,. Note that for these graphs I],,, 
we obtain a different sign than FS). Further, the FS-effect contains a factor 
(27)? more than ours, because, as in the ¢?-effect, the number of propagators 
in FS is equal to the number of corners. This partly explains the magnitude 
of the FS result in comparison with ours. 

It is clear, therefore, that the results of the present paper and those of FS 
bear very little resemblance to one other. 
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APPENDIX 


We wish to establish the identity of (4.7) and (4.2). The difference between 
these two expressions, is 
0 


(A.1) OM p(Mo) aap OMe(Mo) + (6M ay2(My) — OM rp( MI ; 


neglecting terms of order f*, and using (4.10). The second term in this expres- 
sion is (by definition (4.9) and (4. 3)) the difference between the dMa,x’s of 
the renormalized and unrenormalized theories. It is therefore represented by 
. the graphs Ia,, Ib, and Ic, 


(A.2) 6M ,22(M,) —— 6M 272(M,) — a 


u( 2 Hy 


dq 1 1 | 
ay, Or e 6M. = sp Yup U(Mo) 
a [> @y(p—qg—M 7 ¥:(P—a)— Mo a 
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using the definition of Hc. in (4.4). H. is defined by 


(A.3) OM = W(M,) Hau(M,) d wate) fo i d'd\ car.) 
Day i 32 == eu = —— Saati : = 
iste 0 0 (2z0)* 0 | "4 vr( Die Teal in @ | 0 
On the other hand, by differentiating (A.3) we find 
) 4 (ou(M,) _. Bh, ou(M,) 
(A.4) OM; cM, OMe ——— (200)! oar Hem ah) + u(M,) Ay OM, == —- 
zs 1 1 dq | 
u( Mo) | y* —— — -—— —— ¥,, u(M,)} dMy - 
m7 afr y@—g—My(p—)—M"" & “ ’ 
The relations 
0u(My) Pp 
; | OM, al U( o) x =a M, ’ 
(A.5) ou(M,) fe 
OMG 9 -¥ p= Men 


obtained by differentiation of the Dirac equation (for M,), with respect to M, 
establish the identity of (A.4) and (A.2), apart from a minus sign. Thus (A.1) 
which is the sum of these two expressions, is zero, as required. 


RIASSUNTO (*) 


Si calcola la differenza di massa tra protone e neutrone assumendola dovuta a una 
autoenergia mista mesico-elettromagnetica. Le autoenergie del protone e del neutrone 
si caleolano nell’approssimazione e?f? in base alla teoria mesonica sia per Paccoppiamento 
ps che per l’accoppiamento pv. Per renderne le espressioni finite si applica alle tre inte- 
razioni (nucleone-mesone, nucleone-fotone e mesone-fotone) il fattore di forma pro- 
posto da ArNous e HerrLer. Questo corrisponde a un taglio dei momenti virtuali a 
un yalore K (di ordine 1/=massa nucleonica), quando la particella é a riposo e rappre- 
senta pertanto una generalizzazione del modello di sorgente estesa. Per poter eseguire 
il calcolo, altrimenti estremamente complicato, si ricorre ad un’ulteriore grossolana 
approssimazione, cioé ad uno sviluppo in serie di 1/M. Si ottiene il segno corretto per 
ambi gli accoppiamenti, ma nel caso ps il risultato é troppo piccolo per un fattore 100. 
Nel caso pv si ottiene il corretto ordine di grandezza ma il valore numerico risulta 
anche gia troppo piccolo (per un fattore di almeno 5) per sovracompensare la pura energia 
elettromagnetica del protone. I] confronto coi precedenti lavori di FEYNMAN e di SPEIs- 
MAN fa vedere come questi non concordino coi risultati della teoria mesonica. 


(*) Traduzione a cura della Redazione. 
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Distribution Correlations in Sb(n,p)Sn (’). 


R. A. Peck jr., H. P. EuBANK and R. M. Howarp (™) 


Brown University - Providence, R.f. 


(ricevuto il 15 Giugno 1959) 


Summary. — The title reaction was studied at 14 MeV neutron energy and 
over the ranges 0 to 3 MeV excitation and 0 to 60°. It is demonstrated 
that the forward-peaked contribution is relatively concentrated at high 
proton energy and gives rise to most of the spectral group structure, 
and that the angle-insensitive portion has a smooth spectrum rising with 
decreasing proton energy. The isotropic portion does not fit the theo- 
retical compound nucleus spectrum but is consistent with a process of 
incomplete compound nucleus formation. Total cross-section for the 
ranges of energy and angle studied is (22 + 4) mb, of which 20% is the 
anisotropic contribution. 


4. — Introduction. 


In a survey of differential (n, p) cross-sections for elements in the vicinity 
of atomic number 50 (+) it was found that the cross-section for 5ISb was at 
least 40 times that for Sn. That this abrupt change cannot be attributed 
solely to the favorable proton configuration of Sb, a single proton outside 
the closed shell, is indicated by the cross-section for **Te which is also much 
smaller than that of “Sb. Moreover, a similar situation is not found (*) at 
proton numbers 20 and 28, at which anomalously high cross-sections occur 
when the proton-magic nuclei are targets rather than products. 


(*) Supported in part by the U.S. Atomic Energy Commission. 

("*) Now at Corning Glass Works, Corning, N.Y. A portion of the work was sub- 
mitted in partial fulfillment of the requirements for the degree of Master of Science 
at Brown University (June 1959). 

() H. P. Eupank, R. A. Peck Jr. and M. R. Zarzick: Nuel. Phys., 10, 418 (1959). 
(2) H. P. Eupanx, M. R. Zarzick and F. L. HassLer: Bull. Amer. Phys. Soc., 
AIT) 4, 141, 287 (1959). 
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It thus appears that the high cross-section of Sb is specific to that nucleus 
rather than a simple result of shell systematics, and it is desirable to obtain 
further information on the mechanisms operating in this reaction. The data 
presented are not sufficient in resolution to identify groups in the proton 
spectrum. However, they do permit separation of the cross-section into major 
components, isotropic and forward-peaked, as in the method of Allan (°). 
The range of angles observed precludes separation of a 90° symmetric part, 
and for the same reason the contribution identified as «isotropic » can only 
be an upper bound to any truly isotropic component. 

Marked qualitative differences are to be expected between their separate 
energy distributions if, as frequently assumed, anisotropic and isotropic yields 
reflect direct interaction and compound nucleus formation, respectively. The 
isotropic protons should have an unstructured spectrum rising smoothly with 
decreasing proton energy (the energy resolution precluding the appearance of 
groups representing individual nuclear levels), and the forward-peaked yield 
should be concentrated at relatively high energies with a strong likelihood of 
group structure reflecting selective excitation of individual particle states (‘). 
The same qualitative correlation between spectrum form and angular distri- 
bution is to be expected even if a more cautious view is adopted, viz., that the 
forward-peaked and angle-insensitive components are associated with few- and 
many-particle interactions, respectively. 

We confine our report to the foremost a steradians (laboratory angles up 
to 60°) and the top quarter of the proton energy spectrum (residual excitations 
up to 4 MeV). In this energy range the forward peaking of a direct interaction 
contribution is a safe assumption, all protons emerge above the Coulomb barrier 
and (n,d) and (n, np) processes are energetically forbidden. A more detailed 
study over a wider energy range and with better resolution, both in energy and 
in angle, is being carried out by the emulsion method. 


2. — Experimental. 


The apparatus has been described elsewhere (°). An evaporated film 
(7 mg/em2) of natural antimony on a thick lead support was bombarded with 
the 14.1 MeV D+T neutrons produced in a Cockcroft-Walton deuteron acce- 
lerator. The neutron source and a CsI(Tl) erystal 2.5 em diameter x2 mm 
thick were on opposite sides of the target film at distances of 6.4cem and 
12.7 cm, respectively. A pair of gas proportional counters fixed between the 


D. L. Attan: Nucl. Phys., 10, 348 (1958). 
(*) D. L. Attan: Proc. Phys. Soc., A 70, 195 (1957), Fig. 6. 
H. P. Eupanx, R. A. Peck Jr. and F. L. Hasstzer: Nucl. Phys., 9, 273 (1958). 
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target film and crystal operated in coincidence to gate a 20 channel pulse height 
analyzer sorting the crystal pulses. The crystal defines an acceptance angle 
of + 6° and with the width of the neutron source allows a maximum spread 
of recorded angles at given orientation of —+17°. 

The spectrum determination at each angle was accompanied by a back- 
ground spectrum and by an observation of a polyethylene recoil group at 0°. 
The latter served both as an intensity reference for absolute cross-sections 
and as an energy calibration, providing compensation for any variations in 
photomultiplier gain or in proton counting efficiency. Observations were made 
at laboratory angles of 0°, 15°, 30° and 60°. 


8. — Results. 


The shape of the proton spectrum up to 9 MeV excitation is shown in Fig. 1; 
the first 4 MeV of excitation, with which this report deals, appear again in 
the top of Fig. 3. Angular distributions of successive 0.5 MeV portions of 
the spectrum are displayed in Fig. 2, 
which illustrates the direct method ap «Sb (natural) 
employed in the separation of « iso- é 
tropic » and anisotropic contributions all 
in each energy interval. Integration 
of each component with respect to L 
solid angle gives the integrated cross- cage 
sections as functions of energy for the ene se 
separate components, which are dis- a 
played in the central and lower graphs 
of Fig. 3. The two dotted curves Fig. 1. — Sb(n, p)Sn differential spectrum 

: ; é at 0° over wide excitation range. 
accompanying the isotropic spectrum 
are calculated for a compound nu- 
cleus process, using for level density the semi-empirical formula of NEWTON (°) 
which incorporates effects of shell structure. Only the intensity normalization 
constant is adjustable; the parameters determining slope and curvature are 
explicit in the formula. 

It is clear that the anticipated correlation is found between angular and 
energy distributions of the separate components. The spectrum of the forward- 
peaked yield (center, Fig. 3) contains virtually all of the irregularity of the 
unseparated spectrum and shows no tendency to rise with decreasing energy- 


al oS aa ae =I. 1 
SPSS Sie N21 4 | 
Proton energy (MeV) @ C'Sb) 


(6) T. D. Newron: Oan. Journ. Phys., 34, 804 (1956). 
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The «isotropic » contribution, in contrast, shows a regular rise in cross-section 
with decreasing energy and no statistically significant fluctuations. 

The fraction of the total yeld which is in the forward peak is shown in 
Table I, for the various excitations ranges. The tendency of the anisotropic 


Proton energy 


11.93-12.45 MeV 


Proton energy 
1243-1293 MeV 


Proton energy 100 
993-1043 MeV 


o Counts 2S 


Proton u 
energy 10.43-1093 MeV 


Protonenergy 
12,93-13.43MeV 


Proton energy 
10.93-11.43 Mev 


13.43-13.93 MeV 
roton energy 


P 
SS ey ey 


0 15 30 e° 60 


Fig. 2. — Angular distributions for successive 0.5 MeV intervals of observed spectrum. 


component to concentrate at the lowest excitations is evident, in spite of 
irregularities introduced by the gross groups associated with this component. 
Both the high energy concentration and the association of gross fluctuations 
have been observed for the anisotropic yields from Cu and Fe, by ALLAN (°). 
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Over comparable energy ranges, the anisotropic fractions of Table I are sub- 
stantially the same as those for Fe and smaller than for Cu. 


TasLE I. — Anisotropic fraction (*) as a function of excitation. 


Residual A Residual A 

excitation A+] excitation AAT. 
(MeV) (%) (MeV) (%) 

0.00.5 49 2.0+2.5 = 22 

0.5—1.0 25 2.5 —3.0 10 

1.0—1.5 28 3.0—3.5 14 

1.5—2.0 12 3.5 +4.0 11 

(*) A = forward-peaked yield, Z = «isotropic », each integrated over 

the range 0° to 60°. 


It is evident in Fig. 3 that the « isotropic » spectrum does not fit the theore- 
tical form for compound nucleus formation, for any normalization constant. 


The experimental curve rises more 
slowly than the theoretical, 1.¢., cor- 
responds to a much higher equivalent 
temperature. This suggests that the 
contribution identified as «isotropic » 
may represent incomplete compound 
nucleus formation, 7.¢., a local excitation 
of a portion of the nucleus prior to 


proton emission (many-particle inter- , 


action). Such a contribution should 
vary slowly with angle but need not 
be symmetric about ¢0°. 


Fig. 3. — Low excitation spectra. (Top) Dif- 
ferential spectrum at 0°. (Center) Forward- 


peaked contribution integrated over angle. 


(Bottom) «Isotropic » contribution integ- 
rated over angles up to 60° (x steradians). 
Dotted curves are compound nucleus forms 
for two extreme normalization constants. 
Ordinate unit = 1mb/sr-MeV (top) and 


, 1 mb/MeV (center, bottom). Statistical pro- 


bable errors are shown. 


26 - Il Nuovo Cimento. 
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The total cross-section observed for all protons emitted forward of 60° 
(foremost a steradians) is (22.0 + 1.5) mb,of which the forward peaked por- 
tion contributes (3.6 + 0.2) mb and the «isotropic » portion (18.4 + 1.4) mb. 
If the latter were truly isotropic, it would represent a full cross-section (for 
all angles) of (74-4+6)mb. The errors cited are statistical probable errors, 
and all absolute cross-sections are subject to an additional systematic uncer- 
tainty of approximately 10%. Since all of these values represent only the 
first 4 MeV of excitation, they are relatively large cross-sections; the second 
4 MeV of excitation add a cross-section (in the 0° spectrum, Fig. 1) 3.4 times 
as large as the first 4 MeV. 


RIASSUNTO (’) 


E stata studiata la reazione di cui al titolo ad una energia neutronica di 14 MeV, 
con eccitazioni variabili fra 0 e 3 MeV sotto angoli da 0 a 60°. Si dimostra che il con- 
tributo diretto in avanti é comparativamente pit concentrato per le alte energie proto- 
niche e da origine alla maggior parte della struttura spettrale del gruppo; si prova 
inoltre che la porzione non influenzata dall’angolo ha uno spettro regolarmente cre- 
scente col decrescere dell’energia protonica. La porzione isotropica non si accorda con 
lo spettro teorico del nucleo composto, ma é coerente con un processo di formazione 
incompleta del nucleo composto stesso. Per gli intervalli di energia e angolari studiati 
la sezione trasversale efficace 6 di (22+4) mb, di cui il 20% é costituito dal contri- 
buto anisotropico. 


(*) Traduzione a cura della Redazione. 
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On the Analytic Properties of Partial Wave Scattering Amplitudes 
obtained from the Schrodinger Equation. 


A. MARTIN 
Theoretical Study Division, CERN - Geneva 


(ricevuto il 1° Luglio 1959) 


Summary. On étudie les propriétés analytiques de amplitude de dif- 
fusion pour une onde partielle donnée 4 partir des propriétés de la solution 
radiale de l’équation de Schrédinger pour une énergie complexe. Les 
résultats connus dans le cas des potentiels a portée finie sont rétablis 
par cette méthode. On examine ensuite, en se limitant a londe S, les 
propriétés analytiques pour des potentiels déeroissant exponentiellement. 
On retrouve ainsi une bande d’analyticité commune & tous ces potentiels. 
Deux exemples sont traités complétement: le cas d’un potentiel produit 
d’une exponentielle par une fonction sinusoidale, le cas d’une famille 
assez générale de potentiels comprenant en particulier le potentiel de 
Yukawa et une somme de potentiels de Yukawa. Le comportement a 
Vinfini de amplitude de diffusion est obtenu et il est possible d’écrire une 
relation de dispersion pour cette quantité. Sous des conditions plus 
restrictives, on peut écrire une relation de dispersion pour une quantité 
reliée & la fonction d’onde A une distance r de Vorigine. La méthode 
employée pour évaluer amplitude de diffusion semble étre, en outre, 
une méthode pratique d’approximation valable. 


1. — Introduction. 


The analytic properties of the partial wave amplitudes have been already 
established for finite range interactions vanishing rigorously outside a finite 
region. On the other hand, interesting results have been obtained by JOST 
who showed the existence of an analyticity strip for interactions decreasing 
as fast as exp[— yr] at infinity (1), and by Bowcock and WALECKA (°) for a 


(1) Private communication from H. LEHMANN. 
(2) J. Bowcock and D. Watecka: preprint CERN 6636/Th. 26, to be published 


in Nucl. Phys. 
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sum of Yukawa potentials; they showed that for a fixed physical angle the 
scattering amplitude is analytic in the whole complex k? plane, except on 
known cuts and poles, and except perhaps at infinity, provided the interaction 
is sufficiently weak to make the Born series convergent; from these results 
at fixed angle one can obviously get information on partial waves. 

The method we propose here consists in studying the behaviour of the 
radial reduced: wave function for complex values of the energy or rather of 
the momentum k; this has already been done, in the past by KApuR and 
PEIERLS in their study of nuclear reactions (*) and, more recently, by Jost (°). 
The results we have obtained by this method overlap with those obtained by 
the above-mentioned authors, but, in the case of infinite range potentials we 
can get some additional information, irrespective of the strength of the inter- 
action, on the behaviour of the scattering amplitude for |k|—co, which enables 
one to write dispersion relations. It is possible to treat the case of oscillating 
potentials, as was suggested by Jost (4), and to show in this case the existence 
of positive extra poles outside the imaginary axis for complex k. We should 
also mention that in the case of finite range potentials we get some additional 
information on the scattering amplitude in the lower half complex k plane, 
i.e.,in the second Riemann sheet in the k? plane, for instance on decaying states. 


2. — Finite range potentials. 
21. S wave. — The Schrédinger equation for the reduced wave function 
can be written 
[wt ku =Virju, 


(1) 
| Vir) =o, for PS F, 


the results we derive are also valid for a non-local interaction: 


(1’) w+ ku =[V¢, r'\ u(r’) dr’ , 
where 

VG?) =O for 7 ore ees, 
and 


Vee eee Yi ta 


(*) P. Kapur and R. E. Prrerts: Proc. Roy. Soc., A 166, 277 (1938). 
(4) R. Jost: private communication to D. WALECKA. 
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Equations (1) or (1’) can be solved for coniplex k; the solution of equation (1) 


is unique up to a multiplying factor; the solution of equation (1') is unique 
outside the interaction region (°). Outside the interaction region the solution 
can be written explicitly 


(2) u = —f(k) exp [ékr] + g(k) exp [— ihr] 
one has to define the S matrix as 


f(k)  (w'+ tku) exp [— ikr] 
8) Se) = oa) (ul thu) exp [thr] ’ 


for any r larger than r,. In the case of real k this quantity is just exp [270(k)]. 


What we have to do is to find when the right hand side of (3) is well defined 


for complex k and to show that it is an analytic function. The numerator and 


the denominator of (3) are well defined finite quantities so that all we have 


3 to do to study the existence of S(k) is to study the zeros of the denominator. 


Combining equation (1) with its complex conjugate, and making use of the 


reality of the potential, one can derive the following relation: 


(4) (u*u' — u*u'), + (k? — x) | Jur) \2?dr’—0. 


This relation holds for any value of r. For the non-local case it holds only 
for r>r,. Equation (4) enables us to write the modulus of the denominator 


L of (3) in the following way 


(5) ju! — ikw |? = |u'+ Im kw|?-+ (Re k)?|u|2+ 


+4 (Re k)? Im k} | u(r’) |? dr’ . 


0 


This equation shows that the denominator of S cannot vanish in the upper 


half complex k plane except perhaps on the imaginary axis. When g(ix) = 90 


2x > 0 this means that uw —ctxexp[— xr] outside the interaction region; the 


zeros of g(k) in the upper half plane correspond to bound states. The vanishing 


of the right hand side of (5), for (Rek)~0 gives a necessary and sufficient 
condition for the existence of a pole in the lower half complex & plane; this 
will be explored in Section 2°3. 


(5) A. Martin: Nuovo Cimento, 7, 607 (1957). 
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The holomorphy in the upper half plane will be proven if we shown that 
S(k) as defined by (3) has a derivative. This can be done in the same way 
as on the real axis (7); the starting equation is obtained by comparing the 
Schrédinger equations for two neighbouring energies: 


Ou Ou O2u : ae 
(6) Fa BE Gee, = 2k weer ae 
0 


Assuming 7 > 7, one can replace uw by its asymptotic form (2) and get after 
some algebraic manipulations: 


ds 1 [S — exp [— ikry]]? P ae U(1o) U' (No) ‘ 
(7) dk 2ik u “(e) exp [— tkry] EE ues k “aie 


where u'= 0u/or. From (7), we see that S has a well defined derivative when- 
ever it exists. This equation gives also the residue of the poles, especially 
on the positive imaginary axis: in this case the asymptotic wave function 
can be taken as exp[— xr] (k =ix), which fixes the normalization. It is 
easily seen that near such a pole 


foe) 


‘ d la 3 
—4iS82}u2dr. 
(8) oii Je : 


0 


Therefore the residue of the pole is —1 / | u? dr. 
0 
Equation (7) makes apparent also the essential singularity at infinity 
exp [— ikr,], coming from the last term of the right hand side, but it has to 
be proven that the first term does not contribute. This is easier to do by 
looking at an alternative expression of S(k); use of the Schrédinger equation 
leads to the following equalities. 


(u' + iku), exp [— tkr] = u'(0) + | u(r’) exp [—itkr'] V(r’) dr’ , 


0 


(9) y 
(u'’—iku), exp[tkr] = u'(0)--+] u(r’) exp [ikr’|V(r') dr’ , 


0 


S(k) is just the ratio of the two right hand sides. For sufficiently large |k| u 


(°) E. P. WicNER: Phys. Rev., 98, 145 (1955). 
(7) A. Martin: Compt. Rend., 248, 22 (1956). 
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can be replaced by Sin (kr) and it can be shown that if V(r,) 40 (1<1%) 
| 8(k) exp [2tkr,]| > co for |k| co, Imk>0; 


ite. Ta, S(k) exp [2tkr.] +0, 


the precise nature of the essential singularity depending on the way V(r) goes 
to zero for r—>7. 

The symmetries of the function S(k) come from the symmetries of the 
solution of the Schrédinger equa- 
tion: | 
u(k, Ame C(k) u(— k, r) ’ 


essential 
singularity 


nH 
ie 
S 
s 
4 
13) 
c 
3 
S 
Q 


ok, 7) = C'(k)u*(k, 7) . 
Inserting in the equation (3) we get 


S(—k) =[S(k)T" 


(10) 
S(k*) = S*(—k). 
Fig. 1. 
This shows that the singularities in 
the lower half plane are necessarily isolated poles corresponding to zeros in 
the upper half plane. The complete structure in the complex k plane is given 


by Fig. 1. 


292. Extension to 140. — One has to define solutions of the free Schr6- 
. dinger equation: 


O, = krh®(kr) ~ exp i (ir — =| at infinity , 
(11) 
a ‘ Ix epee 
I, = kr hy (kr) ~ exp |— t| kr — = at infinity . 
Notice that for k complex O* AI. The S matrix will be defined by 
I; u' a te U 
2 = c 
th ) S,(k) (7 Ai 01 ahs 


The singularities of S at finite distance are given by 


-0,v'— 0,4 =0 for r>71. 
Equation (4) still holds: 


uU uw \* hk? — k*2 

5 | Se ') 2dr’ = 0 

E (=) | a | a, | fiw dr ? 
0 
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so that a necessary condition for the existence of a pole is 


0° (0"\*) , ek 
=e | TY (2 dy! — 2 
(13) c (5) i Seaear fine dr’ = 0 
0 


Now we can apply the trick used to get equation (4) to the free Schrodinger 
equation, and assuming Im k> 0, we obtain 


C' O'*\* k2 — k*2 

— —(|— — O|?d 

e—(5) ore [ior 
because O(co) = 0. 


Therefore condition (13) becomes: 


fiwear  fjolar 
ies (kt — k**)| a + 


So that there cannot be any singularity in the upper half plane except for 
Re k= 0. It seems unnecessary to go into the details as was done in Sect. 2°1. 


2°3. Lower half plane. Poles near the real axis. — In what follows 7, is fiwed 
and chosen as small as possible, outside the interaction region. Equation (5) 
shows that a pole given by 


(15) (Re k, Im k) =|u'—iku|? = 0, 


cannot be infinitely near the real axis because w(k,7,) and wu’(k, 7)) are smooth 
functions of k. This qualitative statement can be put in a more quantitative 


way, when the pole is very close to _ 


the real axis, which corresponds to a 
metastable state (¢.g., an a particle 
in a nuclear potential); assume that 
such a pole k, exists. Since the func- 
he tion f(Rek, Imk) is everywhere > 0 
f=constant it will have a minimum on the real 
axis, for variable Re k in the neigh- 
bourhood of k, (see Fig. 2). 


Fig. 2. From the definition of k, it fol- 
lows that 
(16) ee R k k 0 
- Shen 1e |(w' + 4 We ui CA ea 
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Let us try to expand wu'—iku in the neighbourhood of ky: 


Im jw =} iku) (u' — iku) 


(16’) (uw! — ThU) pot, = , 


Ck te w + iku 
using (16) and, using equation (6) (u' == 0u/or), 
—4 9 Ss !) 
[2a aton dr + ut : 
0 c 


1 Se He 
a) Ur + Uigic, 


(u’ — UU) nat = 


Ok 
so that in the neighbourhood of k= k, 


Sef ud, (r r) Or + Ui, Ur, 
0 


2 oa 
Ux, = koux, 


(18) (uw! — ikw) = (Ux, — thotx,) | L — i(k — he) - 


The assumption that k, is very near the real axis means that 


Epa ey 
(19) sans) as eae 


"9 
Bk? fuz,(r) Ar + We, We, 
0 


the expansion (18) is valid provided the modulus of (19) is very small, 7.¢., 
zie w dr >> (ug + ko ui,)%o 
0 


This condition is just the condition for the existence of the decaying state (°§), 
which says that the external wave function must be as small as possible as 
compared to the internal wave function. We recognize on (19) the expression 
for the lifetime of the as state (up to trivial factors). 


Conversely, setting fret) r)dr = ct, one might ask if a pole corresponds to 
a minimum of 


(u'? + ku?) 
fr2(r) dr 
0 


y) 


for real k. If the value of the minimum happens to be very small, the zero 
of the expansion (18) lies very near k, so that the use of the Taylor expansion 


(8) E. Fermi: Nuclear Physics (Chicago, 1950), p. 59. 
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is a posteriori justified and it appears very likely that a pole given by (19) 
exists. 


3. — Potentials decreasing faster than an exponential. 


In what follows we consider local potentials such that there exists a u 
giving 
lim V(r) exp[+ur] = 0 


and we restrict ourselves to S waves. 


3°1. The analyticity strip. — One can try to define the S matrix for complex 
k by generalizing (3) 
lim [(w’ + iku) exp [— ikr]] 


t rs0 
ae Bs lim, [(u! — iku) exp [tkr]] ; 


The problem is to find when these limits exist and when the denominator is 
different from zero. According to equation (9) these limits, if they exist, are 
respectively 


Nik) = u'(0) + [unre exp [— tkr]dr, 


(21) > 
Dk) = w'(0) + fur) exp[ + ikr]dr , 
and 
_ N(R) 
S(k) = Dik)’ 


Now the arguments given to show that the Schrodinger equation admits 
two independent solutions 


(22) f(r, k) exp[— kr], g(r, k) exp [+ikr] 
such that 
f(co, k) = g(oo, k) = 1 


provided V(r) decreases at least as fast as } are still valid (*) for complex k. 


(°) R. Jost: Helv. Phys. Acta, 19, 256 (1946). 
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For Imk>0 the solution which blows up at infinity is the first one. w(r) is 
a combination of the two. So we are certain that u(r) exp[ikr] tends to a 
finite limit (which may be zero) ‘at infinity, for Imk>0. This means that 
the quantity D(k) exists. On the other hand, N(k) may be written 


N(k) = u'(0) + fur) exp [ikr] [V(r) exp [— 2ikr]] dr. 


So N(k) is a well defined quantity for 
(23) 2Imk<yp. 


We still have to study the zeros of D(k) by looking at the two independent 
solutions (22). One is led to the following alternative: for Im k> 0, either 
uw behaves like exp[ikr] for roo or wu behaves like exp[—ikr]. So to 
prove that D(k) = lim (u'—iku) exp [ikr] 40 it is sufficient to prove that 
lim |u’— iku|+ 0. Now equation (5), established inside the range of the poten- 


to 


tial is still valid in the present case. It shows that 
2> 4 (Rek)? Imk] |u(r’) |? dr’ ; 


0 


(24) lim | wu’ — tku 


the right hand side is certainly a positive quantity for Imk>0, Rek+0. 
This means that D(k) is a well defined quantity in the upper half plane, cer- 
tainly different from zero outside the imaginary axis. When lim (w'—iku)- 
-exp[ikr]= 0 this means that u(r) is exp[ikr]=exp[— xr] (k= 1x, x>0) so 
that the zeros of D(k) on the positive imaginary axis correspond to true bound 
states. ; 

Therefore, we have shown that it is possible to define S(k) in the strip 
0<Imk<y/2, with possible poles, corresponding to true bound states, on 
the imaginary axis. 

Now it is not too difficult to convince ourselves that the functions 


N,,(k) = u'(0) + [unre exp[—ikr]dr, 


D,,(k) = u'(0) + { u(r) V(r) exp [+ thr] dr, 


converge uniformly to N(k) and D(k) in the region 


0< Imk<5—e, |\Re k|< A 
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with ¢ arbitrarily small and A arbitrarily large. In this region lim u(r) exp [ikr]= 
= O(k) (for instance with a normalization w'(0) = ct) and |C(k)| has a max- 
imum value M; then, for r and 7’ large enough 


|V.(k) — N,(k)|<|exp [— er] — exp [— er’ ]| x const 
and 
| D,(k) — D,.(k) |< |exp [— wr]— exp [— pr']| x const. 


Excluding now a small region around the zeros of D(k) on the imaginary axis, 
one can also show that S,(k)=N,(k)/D,(k) converges uniformly to S(k). 
It happens that S,(k) is the S matrix for the finite range potential 


V(r) Lore F<, 


0 for >"%5 


for which analytic properties are known. From known theorems it follows 
that S(k) is holomorphic in the strip 0<Imk<yp/2 except for possible 
singularities on the line Ink=yp/2 and at infinity, and poles due to bound 
states on the imaginary axis. 


3°2. Analytic properties in the whole wpper half complex plane. — When the _ 
potential is precisely known, it is possible to get more than an analyticity strip 
for the S matrix, in spite of the breakdown of equation (20) for Imk>yp/2. 
Assume that the two independent solutions (22) are known. Then one can 
write the solution of the Schrodinger equation as 


(25) u(r) = f(r, k) exp [— ihr] — g(r, ¥) ites ae exp [ir] 
provided 

g(0, k) 40; ii. g(Q, hk) = 0, 
(25') u(r) = g(r, k) exp [ikr]. 


It is natural to define the S matrix for complex k as 


(26) S(k) = 1 A0;2) 


since this definition holds for real k. 
One can immediately show that the zeros of g(9, k) correspond to bound 
States and lie on the imaginary axis: these zeros, according to (25’), are such 
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that lim (u’—iku) = 0, which as already shown in the preceding section can 


only occur for Rek=0; the asymptotic form is then 
u(r) ~ exp [— xr] 4% > 0. 


By inserting in the Schrodinger equation, one obtains for f(r, *) and g(r, k) 


the following equations 


f°—ikf =Vif, with limf(r,’)=1, 
97) - r—>o " 
{ ) g"+ ikg' ‘== V (r)g ; with lim g(’; k) =1. 


7oO 


Assuming provisionally, existence and unicity of these functions, we readily 
get the following symmetries: 

f(r, —k) = g(", k) , 

rr, k*) = g(r, k) . 
from which follows 


S(k) = S-(—k),  S(—k*) = S*(h). 


Following the classical procedure of neglecting first the second order deriva- 
tives, we get the behaviour of the k functions for r — co: 


co 


J ‘4 
f(r, k) = L455 [Ver jar' +... 


ioe) 


1 
==} V (Or )dr' =... . 
sag | Ferd ar + 


e 


(7, k} =1— 


This is all we can say without more detailed information on the shape of the 
potentials. We shall now thoroughly treat examples, some of which are quite 
general. Our study will be limited to upper half & plane or first Riemann sheet 


of the energy plane. 


3°3. Hxamples. 


33.1. Exponential potential, sum of exponential potentials, 
oscillating potential. — The first case admits an exact solution (711) and, 
on the other hand, has been treated by Jost (*) using an expansion of the 

(°) H. A. BETHE and R. BacuerR: Rev. Mod. Phys., 8, 111 (1936). 

(41) S. T. Ma: Phys. Rev., 69, 668 (1946). 
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functions f(r, k), g(r, k) of the type: 
1+ > C, exp [— nur]. 
1 


In this way one shows that f(0, k)/(g(0, &) = S(k) is holomorphic in the upper 
complex plane except for poles at 2ik-+ny= 0, and that pm S(k) == 1 in any 
direction, provided Rek+~0. Jost also applied his treatment to a sum of 
exponential potentials 


V= A exp[— pr]+ Bexp[—qr ] 
then 


f ar » Cmn(k) exp ee (mp zi nq)r j, 
9 = > Dnn(k) exp [— (mp + ng)r]. 
The coefficients C,,, and D,, are obtained by recursion formulas. 


One ean notice that this treatment can be extended without trouble to 
the case 


ro| 


p= Poap+ita, 
2.6.4 (30) 


V(r) = Vo cos (ar) exp [— ur]. 
Then the possible redundant poles (besides, the bound states) are given by 


(n—m)a |. (m+ n)u 
A eee ee , 


“= 


k= 


some of which lie outside the imaginary axis. It is important to evaluate the 
residues of these poles to see if they really exist, since from general argu- 
ments iS one would not expect them. When 214+ Pp-+Nq=0 all the O,, 5, yin'8 
(m >0, n >0) are singular. In the neighbourhood of such a singularity, the 
Sees formula reads: 


Cursm, N+n [mp + ng — 20k] [mp = nq =e ety M+mM-1, Nin == Cx cm, N+n- il- 


The Cyim,yin are determined in terms of C,, which is singular and 


(12) E. Corrnatpesi: Nucl. Phys., 2, 420 (1956). 
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CO y—3, 4144 Cusyisa, y-1 (A> 9) which are not singular. So, to get the singular part 
Of Cy 4m, +n One Can take the C,,_, y,1,,;8 and the C,,,,, y-, equal tozero Then 
by comparison with the recursion formula for the D it can be seen that 


singular part Of Oaim, yin 


= De . 
Cun 


So f(r, k), near 2ik+ Mp-+ Nq= 0 behaves like C,,,g(r, k). In the special case 
2ik+ Mp = 21k+ M(u+ia) = 0, 
: ie 
MO = 9¥( Mp + 20k)[(M —1)!]}? My2*-2 


Therefore the residues of 


f(0, k) 
S(k) = 
UO= G0, B)’ 
at the poles 
i M(ip + &) 
= aaa ae 5) 


aad 


are certainly different from zero because g(0, k) is, from general arguments 
different from zero, so that there is no indetermination in the ratio defining 
S(k). We have also shown by direct 
calculation that the first poles cor- 
responding to I N+0 exist. One gets 
the picture given in Fig. 3. The pro- 
blem is now to understand why the 
arguments against the existence of 
such poles, based on conservation 
of probability, fail in the present 
case. These arguments require that 
the asymptotic behaviour of the 
wave function be: 


exp [— tkr] — S(k) exp [ikr]. 
Fig. 3. — @ redundant poles; O probable 
Here the wave function is redundant poles; < bound states. 


[1+ Cy exp [— (u+ ta)r] + Co exp [=e —ta)r] +...) exp [— tkr| — 
—[1+...]S(k) exp [ikr] . 


. T 


o>) 


identify this expression with the preceding one, it is necessary that 


3319 


416 A. MARTIN 


exp [— ur] exp[—ikr] be negligible as compared to exp[ikr]. This means 
that & must be in the analyticity strip 0<Imk<p/2. Outside this strip 
these arguments are no longer valid. 


33.2. Yukawa potential and generalizations. — It is quite clear 
that example one could be generalized to any finite sum of real exponential 
potentials, } A, exp —[p,r]; then the expected redundant poles are given by 


a 


> n.p;+2ik=0, on the imaginary axis. So, above the pole given by the 
minimum p;, k= ip,,,,/2, the poles will become more and more dense as the 
number of p,’s increases. This enables us to guess what will happen for a 


potential 


(31) V(r) = V, exp[— pr} Cl exp[—ar] do, with |C€(a)|<M. 
0 


One expects a cut on the imaginary axis starting at k= i(u/2). This family 
of potentials contains as a special case, the Yukawa potential for C(«) = ct 
and sums of Yukawa potentials when C(«~) is made of a sum of step functions. 
It is equivalent to the family 


ERIS HT {O'(a) exp [— ar] de. 
0 


where O'(«) may now be a distribution, with the restriction that fO'(a) da 
0 


is finite (this excludes potentials behaving as 1/r*** at the origin). 
Here the natural « ansatz» for the functions f and g is: 


f(r, k) = 1+ exp[—pr] | ox(a) exp[— ar]da., 


(32) Z 
g(r, k) = 1+ exp[— pr]] o.(~) exp [— ar]da. 


0 


Inserting in equations (27) with potential (31), we get, making use of the 
known properties of products of Laplace transforms, and equating the co- 
efficients of exp [— ar] in both sides of the equation thus obtained 


om It 
enon + ula + w+ Bik] = Vo| O(a) + fee@—n— peu ap}, 

(33) ae 
oxla)[a + lla + p— 26%] = Ve Lo x | O(a —u —B) onl) ap| 
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where one should keep in mind that 


o(A) = oA) = O(4) = 0 for A4<0(’). 


These equations are not true integral equations. Assume 0<a<yp then 
the integrals do not contribute and 


(a) = VoC(a)(a-+ mw)? (a+ wt 20k) *, 


o(a) = VoC(a)(a+ pw)? (a+ w— 2tk)-?. 


The functions o(«) and o(«) can be determined by recursion. Assume 0(«) 
and o(a) are known for 0<a«<.nu. Then the right hand sides of equa- 
tions (33) are known for 0 < a<(n+1)u. It is clear that o,(a) is every where 
a well defined quantity when k is in the upper half plane. 0,(«) is well defined 
~-when «+p-+2ik cannot vanish, 7.¢., outside a cut along the imaginary axis 
starting at k= i(u/2). The problem is now to study the convergence of the 
integrals 

1+ exp[—srl | ox(ce) exp[—ar]dx, 1+ exp[—pr]{ox(x) exp [— ar] da. 
0 j 0 

This is possible because equations (33) are very suitable to get upper bounds 

of |o,(«)| and |o,(«)|. The following results are demonstrated in Appendix I: 


— g(r, k) is a holomorphic function in the whole upper complex plane and 
lim (g(r, &)—1), |k|7"*=0 ( arbitrarily small); 


{k| 0 
— f(r, k) is a holomorphic function such that Jima (f(r, &) — 1) |k|-"=0 in 
the union of the domains: 


| 


0<Imk<5—e, O<Argk<5—e,  0<x—Argk< 


(e arbitrarily small) 
Moreover - lim f(r, k)=1 provided 
'm k—> +00 : 
Rek> C[Imk]-’, 


nO One can check that if the functions defined by (32) and (33) exist they satisfy 
the Schrodinger equation with the right potential. i ; 


27 - Il Nuovo Cimento. 
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where N is an arbitrary positive number, so that the limit of f(r, k) as |k|—co 
is unity even if one asymptotically approaches the imaginary axis at infinity. 
Concerning the existence of the limiting function 


jim, f(r, k), 

Rek>0 
we have only considered two particular cases, but it is clear that much more 
general cases could be solved: 


— if the weight function in the integral representation of the potential 
is such that 


(34) | O(a) — O(B)|< Bla —B| 


in addition to |C|< M,. where B is independent of « and f, the weight func- 
tion o,(~) has a pole at «+u+2ik=0, but the limit of f(r, k) exists every- 
where along the cut, except at 27k+u4=:0, where there is a logarithmic sin- 
gularity. This case does not contain the Yukawa potential because then C(a) 
has a discontinuity at «= 0; 


— for the Yukawa potential C(«)=1 for «>0. The weight function 
0.(«) has a pole at «+u+2ik=0 and a logarithmic singularity at «+2ik=—0. 
For w+2ik40 the limit of f(r, k) exists along the cut, but for «+2ik —0 
the limit of f(r, k) has a logarithmic singularity. This singularity is harmless 
when one writes dispersion relations. 


These properties are sufficient to give a dispersion relation for the quantity 


1 [f, &) | 
Am) = (50 ase a 


if one remembers that the zeros of g(0, k) lie on the positive k imaginary axis 
(or H real, negative) and correspond to bound states: 


foo) 


wy P (Im A(#-+ ie) d# 
Re A(#,) = bound states + a ; he Ee P 
0 


= Ing Ak eave 
Ld E+ #, : 


(pl2)? 


This relation is not very useful from a practical point of view, because one has 
a very large unphysical range. If we assume that the n-p potential belongs 
to the above considered family, we see that the pole corresponding to the 
deuteron lies at H= —0.105u?, while the cut begins at — 0.2522. 
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The quantity S(r, k)=f(r, k)/g(r, k) has the same analytic properties as 

S(k). However, there is no general argument to guarantee that g(r, k) has no 

zeros outside the imaginary axis. We have shown that a sufficient condition 

to avoid zeros in the upper half plane is that |V,|M<  3u (Appendix IJ). 

This is certainly far from being necessary. Under this condition one can write 
a dispersion relation for 

1 
A(r, EL) == (S(r, k) — 1) ’ 


24 


which can be considered as a dispersion relation for the wave function. This 
problem is being studied for finite range potentials by Bosco and FUBINI (**). 
For real k or E>0, |S(r, k)|=1, so that there is an obvious connection be- 
tween the real and imaginary parts of A(r, #). This would permit to trans- 
form the dispersion relation for A(r, #) into a Low integral equation, but the 
"presence of the unphysical range makes it rather useless. 
A by-product of equations (33) is a new practical method of computation 
of the scattering matrix and of the bound states. Some work has already been 
done in that direction by Korps (14). In Appendix III, we show that one 
can very quickly get an accurate value of the Yukawa well depth parameter. 


4. — Concluding remarks. 


In the case of finite potentials, our method is straightforward but does not 
bring anything really new. Its use is rather to guide us in the case of infinite 
range potentials. In the case of infinite range potentials, we restricted our- 
selves to the S wave; we hope to be able to extend this method to higher waves 
soon. The main results we get are, first, the anomalous poles in the upper 
half plane outside the imaginary axis for the oscillating potential, second, the 
complete analytic behaviour for Yukawa potential and generalization, in- 
cluding the behaviour at infinity, third, analytic properties of a quantity re- 
lated to the wave function at a point r fixed, giving rise to generalized dis- 
persion relations at least if the potential is not too strong. Except for the 
last result, all the other results are derived without any assumption on the 
strength of the potential. This is due to the fact that we have separated the 
spurious poles or cuts arising in the complex plane, which appear in the 
numerator of the S matrix, from the poles due to bound states which appear 
as zeros of the denominator. 


(13) S. FuBIni: private communication. 
(44) A. Koppe: Zeits. f. Naturfor., A6, 229 (1951). 
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Note: Whille this paper was mimeographed, we received a preprint by R. E. 
PEIERLS, in which some of the results presented here are derived under more res- 
trictive assumptions. The behaviour at infinity is not studied. 


APPENDIX I 


In the upper half plane |~+ u— 2ik|>|«-+u|. From the inequality 


| 
(I.1) | ox(a) |< aly oblt 


rl [1 + fionteniag], 


one sees that an upper bound of o,(«) is > (x) ) given by 


Se at fb yap)» 


ae (~ + gp)? 


where > («)=0 for «<0. From (1.2) one can easily get 


1+ f S(a) do 
Vola’ 


(1.3) 1 +> (x) da < 
: zs Oy + ph 


provided «,+-u> M|V,| and also with Cae 


{i o(«)|da< CS (1 +f (x) aa) : 


This establishes the uniform and absolute convergence of the integral defining 
g(r, k) in the whole upper half plane. Since one can see by recursion that 


A ‘ 
1+ exp [— pr] | exp [— ar]o,(«)d« is a holomorphic function, the same is true 
for g(r, k) (5). 


(1°) C. CanatHEODORY: Theory of Functions of a Complex Variable, 2nd english ed. 
(Chelsea, 1958), pp. 180-197. 
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A . 
Since im [1+ J |o.(w)|da] = 1, the same is true for g(r, k), wore precisely 
using equations (33) ,and (1.3): 


fo) A 
(oe or ie On ae 
floseoiae< [| meme marie k 
0 0 


taking A =|k| we see that this goes to zero as fast as log |k|/|k|.] 
With some precautions, one can extend this treatment to 9,(«): if 


0<Imk<f—e, Jat w+ 2tk| |o+ w|> («+ e)*. 


In this domain the existence and analyticity of f(r, k) are established in the 
same way as for g(r, k). 
| Tf 


|(a+ w)(x+ w+ 2k) |>|« + w|?|sine]. 


So we have only to replace in inequality (I.1) |Vo| by |V,/sine| and the 
holomorphy of f(r, &) is established. In the same way, one can also, using 


Nae + w)(a+ we +]2ék) [> 2a + | || [sin e|, 
show that t 
[leeoiaxo, 
6 
as fast as log|k|/|k| when |k|—> oo. 


The above conditions define a domain which does not contain the cut, 
and does not give the behaviour of f(r, &) for Im k — + ©, Re k finite. One 


has to be more careful: 
es (y)|dy| . 


From this one can show that . 


1+ ff oc(ce) [dee 


0 


[1— lor, k)]< 


7 


1+ f ox (oe) |e 
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with «,<2Imk—vyp and 


a Re k 2(Rek + Imk)—a,—yp , 
ae 


vlesk) = IVI eRe °8 Tm k Oy > fl 


al Im i) 
ae ‘ 


Im & — Rek °8 Re kk 


For fixed «,, provided Rek>C[Imk]“ (n arbitrary), one can make © 
lw(a,, k)| arbitrarily small by taking Imk large enough. Since 
lim o,(a) da = 0, 


Imk—~>+© 
0 


the only possibility is 


Imk—+>+o 


lim | \e@)iae =o. 
0 
Existence of a limit of f(r, k) along the cut. 
Assume first 


(34) | O(a) — C(B)|< Bla —f); 


take first 
% =2Imk—p>O0, 
a- 
ole) [ee pl koe emesis ne we) manera i Cloc — x= B) oalex) ders 
0 


lim 0;,(«) exists for «<a. Near «=a, 


On(%) ~ P(%) [a — a + 21 Rek}', 
with 


Vol O(a) + fC — uw —B) er(B) af] 
Cosa) . 


p(x) = 


It C(x) satisfies condition (34), which contains C(0) = 0, lim @,(~) is well 
defined for a > a because the limit of the integral is well defined. We have 
now to investigate the convergence for large a: 
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for «>a+p 


%—-A » op 
lex) < Vy + [leser|ae + a ficctorae + 
0 ao+A 
+ M[o(p) ap + 24-8 fH’ pt) = tal est Of leona} 
%-A a+A 


Then one can easily establish the convergence of 


foo) 


[le lax, 


&ot+ A 


as was done outside the cut. If a —0, i.e. 2Imk—yp, we get a logarithmic 


singularity in 
[\ceeojax, 
0 


We now treat the Yukawa case (O(«)=1 for ~>0). We have the same 
logarithmic singularity at «= 0, 2Imk= uy. The trouble is now that in ad- 
dition to the pole «=, we have a new singularity when the singularity of 
o(B) happens to be at the upper limit of the integral defining o(«) for «> a%: 


when Rek—0. 


op 
Paha aie ae Ot Re kL V; 1 + | on(B) ag| . 


0 
This happens for « = a+. Fortunately this new singularity is a logarithmic 
singularity, so that the integral 


a= ph 


| ox(B) OB , 


0 


ig still well defined for «>o,+2u. Then, using the inequality 


Leute) |< aoe 1 + Jes ap] «fie ap . 


one can prove the existence of lim j(r, k). 
Rek—0 
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APPENDIX II 


Sufficient condition for the absence of zeros of g in the upper half plane. 


A sufficient condition for this is 


Then 


1 + exp [— pur] ] o;(«) exp [— ar]da, - 
0 
can never vanish. From (I.2) one can show that 


NL 


2 1+ f > (a)da 
1+] X(@)d«< ART : 
: (n+ 1) 


ny 
| > («)d« can be computed exactly. With n=0 we get - . 
° : 


IVole<s; 
nm =1 gives | 


9 
ae 
[Vepal = rae 


This could be still slightly improved, but not much because M|V,| =m gives 


[E@ae>t. 


APPENDIx III 


Numerical use of equations (33). 


We look on equations (33) at the bound state at zero energy. This gives | 
1+ Joa («)d«e=—0, 

3 
with . 
aM , 


O(a) [a + uw]? =—V, f + fost a,| ; | : 


0 
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Tf we take as a first approximation 


oo ‘ Le 


1 | op(a) da 1 + | ou( dons 
0 0 
we get 
V 
LChe f= 0.5 
2 [Vol 
The second approximation 
Qu 


1+ ]o(«a)de=0, 


gives 
Vom es Var tt 4 
yee Sl 
2u BM : EB oe 5 % 
-and 
iw 
—— = 0.595 
|Vo| 


The exact result (1%) is 0.5953. 


(6) J. Buarr and V. WeissKopr: Theoretical Nuclear Physics (London, 1952), p. 56. 


RIASSUNTO (*) 


Prendendo le mosse dalle proprieta della soluzione radiale dell’equazione di Schro- 
dinger per una energia complessa, si studiano le propriet’ analitiche dell’ampiezza di 
diffusione per una data onda parziale. Si ristabiliscono con questo metodo i risultati 
conosciuti nel caso dei potenziali a portata finita. Si esaminano quindi, limitandosi 
all’onda S, le proprieta& analitiche di potenziali esponenzialmente decrescenti. Si ritrova 
in tal modo una banda di analiticiti comune a tutti questi potenziali. Si prendono in 
esame, in maniera completa, due esempi: il caso di un potenziale prodotto di una 
funzione esponenziale per una funzione sinusoidale, ed il caso di una famiglia abba- 
stanza generale di potenziali comprendenti, in particolare, il potenziale di Yukawa e 
una somma di potenziali di Yukawa. Si ottiene il comportamento all’infinito dell’am- 
piezza di diffusione, ed é possibile scrivere una relazione di dispersione per questa 
quantita. Sotto condizioni pit restrittive si puod scrivere una relazione di dispersione 
per una quantita connessa alla funzione d@’onda ad una distanza r dall’origine. Il metodo 
impiegato per valutare l’ampiezza di difftusione sembra costituire, oltretutto, un metodo 
pratico di valida approssimazione. 


(*) Traduzione a cura della Redazione. 
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On the Existence of the Hypernucleus °He,. 


L. H. Scuick 


University of Colorado - Boulder, Colo. 


(ricevuto il 2 Luglio 1959) 


Summary. — Hypernuclei have been observed for all 2< A<9 with 
the exception of A4=6. The lack of observation of both *He, and *Li, 
implies that the binding energies of these hypernuclei either are nega- 
tive, or are positive but less than that of >He, so that if formed they 
decay immediately into >He,-+nucleon, or are greater than that of “He, 
in which case their ultimate observation would be expected. The *He, 
hypernucleus is analyzed to determine in which of these three regions 
its binding energy lies. This analysis is carried out under the assumption 
that *He, is a bound system, A+(neutron+«). A variation calculation 
using phenomenological potentials yields a lower bound of (2.00-+0.60) MeV 
for the total binding energy of *He,. This indicates that both *He, 
and ®Li, are unstable against decay into *He,+nucleon and are there- 
fore not expected to be observed. 


1. — Introduction. 


Observations of hypernuclei have been reported for all mass numbers A 
up to and including A=9 with the exceptions of A4=2 and A=6 ('). Theo- 
retically there is reason to believe that the hypernucleus with A =2 (hyper- 
deuteron) is not bound (?). For A4=6 neither member of the *He,-*Li, isospin 


(1) R. Levi Serr1, W. E. Srarer and V. L. TEtEapr: Proc. of the Seventh Annual 
Rochester Conference on High-Energy Physics, vol. 7 (New York, 1957), Sect. 8, p. 6. 
Recently, F. Brervrx, 0. SksEGGESTAD and S. O. SoRENSEN (Nuovo Cimento, to be 
published) have observed an event which they interpret as a mesonic decay, pos- 
sibly of *He,. 

(??) B. W. Downs and R. H. Datirz: Phys. Rev.: to be published. (See also 


R. H. Dairz and B. W. Downs: Phys. Rev., 110, 958 (1958) and other references) 
cited there. 
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doublet has been observed so that the binding energies for these two hyper- 
nuclei are missing from the data. For either member of this doublet there are 
three possible explanations for this lack of observation: The hypernucleus 
in question 1) is not bound; 2) is bound but with a binding energy less than 
that of the relatively high binding energy of the *He, hypernucleus (*) and 
hence decays immediately into *He,+ a nucleon; 3) has a binding energy 
greater than that of *He,, but so far it has escaped detection. A theoretical 
analysis of at least one member of this doublet to determine which of the 
above three statements is true seems altogether worthwhile. Because of the 
complication arising from the additional Coulomb interaction which is present 
in *Li,, it is more favorable to perform such an analysis for *‘He,. It is the 
purpose of this paper then to analyze the ‘He, hypernucleus with the aim of 
determining in which of the above mentioned regions its binding energy lies 
and infer from this the corresponding information for *Li,. 

To this end it is assumed that the interaction of the A-particle with the 
five nucleons is strong enough to allow the ‘He, system to form a bound state. 
Furthermore this system will be treated as a two-body system. From a phy- 
sical standpoint the most reasonable two-body approach would be to con- 
sider “He, as *He,-+neutron. In this case, however, it is not at all clear 
what the form of the odd-neutron wave function should be. Thus the two-body 
approach taken here will be that of «*He »+A. (In this analysis the notation 
«*He» is used to denote tha «-particle—odd neutron part of the system with 
a bound state trial function, rather than a scattering state function, for the 
odd neutron.) Since in *He, the presence of the A does not appreciably 
distort the «-particle—at least as far as a radial compression is con- 
cerned (?)—it is assumed that in ‘He, the presence of the A does not alter 
the neutron—zx-particle potential. Hence it is not unreasonable to take the 
odd neutron in a p, state with respect to the center of mass of the neutron— 
g-particle part of the system. Further, since the state of the A is not re- 
stricted by the Pauli principle, the A is taken to be in an s state with respect 
to the center of mass of *He. Because of calculational difficulties which would 
arise from the use of direct A-neutron and A-« particle correlations, no such 
correlations were included in the wave function for the system. 

This treatment of “He, is similar to Sun’s (*) work on *Be, in that both 
deal with a hypernucleus which has the form A--(unbound system). In the 
case of *Be, the relatively large binding energy of the A to each of the «-par- 
ticles in *Be easily overcomes the weak (~ 100 keV resonance) «-« instability. 
For ‘He, however, it is not at all certain that the A-« binding will compen- 


R. H. Datirz and B. W. Downs: Phys. Rev., 111, 967 (1958). 
K. S. Sun: Phys. Rev., 111, 941 (1958). 
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sate for the «neutron (~1 MeV p, resonance) and the A-neutron instabi- 
lities so as to bind the odd neutron. On the other hand, on the basis of the 
work of FESHBACH and RUBINOwW (°) it can be expected that the binding energy 
of “He, should be greater than the sum of the «-neutron, «-A, and A-neutron 
binding energies. Thus, the stability of “He, against decay into neutron -+*He, 
depends on the relative importance of the two above effects. 

The two-body problem A+ He will be solved by a variation calculation. 
The results of the numerical integration needed in this calculation are taken 
over directly from those of DALITz and Downs (°) as are the form and shape 
of the A-nucleon potential. This spin-dependent potential has the form (°) 


(1) i ee 

where o, and o are the Pauli spin matrices for the A and the nucleon respec- 
tively, and V, and V, denote the singlet and triplet interactions respectively. 
The shape o(r) of the V, and V,—taken to be Gaussian for calculational con- 
venience (7)—is given by 


: 1.4354\3 1.4354\2 
(2) v(r) — esa exp ea ‘ae | =) 


where b, the intrinsic range of the potential, is taken here to correspond to 
one-half the z-meson Compton wavelength (°). 


2. — Details of the calculation. 


The Hamiltonian for the system is taken to include only two potentials: 
V,_,(r'), the potential between the odd neutron and the «-particle, and 
V,_sp(r), the average potential that the A moves in due to its interaction 
with the five nucleons. The vectors r’ and r extend from the «-particle to 
the odd neutron and from the A to the *He center of mass, respectively. The 


(*?) H. Fesupacn and 8. I. Rusinow: Phys. Rev., 98, 188 (1955). 

(°) The spin of the A is generally accepted to be 4 and it is taken to be so here. 

(7) In reference (*) it is pointed out that the details of the shape of the potential 
are relatively unimportant and that it is the R.M.S. radius which is the determining 
feature so far as the A binding energy is concerned. 

(8) See Sect. 1 of reference (*) for a discussion of the possible ranges — and their 
interpretations — of the A-nucleon interaction. 
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trial wave function for the system is taken to be of the form (°) y = y,(r) @,(r’) 
where y,(r) is the wave function for the A and ¢,(r’) is the wave function for 
the odd neutron (which is taken to-include the coupled spins of the p, neutron 
and the s-state A). With this Hamiltonian and trial wave function the Schro- 
dinger equation for the system separates into the two equations 


h2 * 
(3) {- aes = Va -sue(T) ae By_ | palr) = 9 ’ 
h2 
(4) - {- 2 Vi + Vaaa(r’) +By-,| p.(r') = 0. 
Here By, sy, and B,_, can be considered to be the respective binding energies 


of the A--He and neutron-« particle parts of the system. The two corresponding 
reduced masses are uw, = M,(M,+M,)/(M, +M,+M,) and u,=M,M,/(M,+4,), 
where M,, M,, and M, are the neutron, «-particle, and A masses, respectively. 
A variation treatment of Eqs. (3) and (4) gives By, .,, and B,_, as functions 
of the variation parameter. By construction, the result of adding these two 
functions and maximizing the sum with respect to the variation parameter 
gives a lower bound for the total binding energy B of *He,, 


(5) B 2 ie usa 7 Beales y 


To solve Eq. (3) it is first necessary to choose a potential V,_s,,(r). With 
the use of Eqs. (1) and (2) this potential can be written (*°) 


(6) Va-sne(r) = — v, | o( r—r'|)o(r’/Rs) dr’, 


where o(r’/R;) is the nucleon distribution in the *He «core » and &; is the 
R.M.S. radius of the distribution. With v(|r—r’|) normalized to unity, U; 
is the volume integral of all the A-nucleon interactions of the spin state of 
the system. 

In order to choose the nucleon distribution, the four nucleons in the «-par- 
ticle are taken to be in s states, the odd neutron in a p, state, and the A in 
an s state, all with respect to the center of mass of ‘He. Furthermore, the 
A-nucleon singlet interaction is taken to be more attractive than the corres- 


(°) The motion of the ‘He, c.m. is of no interest. Hence it has been separated 
out of the calculation at the start. 
(2°) See reference (°), Sect. 2. 
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ponding triplet interaction (11) so that the odd nucleon couples tothe A to 
form a total angular momentum state J=1. Under these assumptions the 
nucleon distribution about the *He center of mass—normalized to unity and 
again with Gaussian shapes for convenience—is given by 


) ofr’) =3 (5) expl— tare + 5 (G) ry exp (— Br, 


where the term on the left corresponds to the s state nucleons, the term on 
the right corresponds to the p state nucleon (!?), and « and / are parameters 
to be determined. It is easily seen that this expression along with Eqs. (2) 
and (6) leads to a non-Gaussian form for V, _.,,(r). In order to utilize the 
results of DALITz and Downs (*) for the numerical integration of Eq. (3), the 
nucleon distribution given by Eq. (7) is replaced by a Gaussian distribution, 
o(r'/R;), of the same R.M.S: radius, R; (7), 


3 \! 5 De 
8) o(r IRs) = (5-99) exp[—3r"/2R, 
with 
6 1 
9 ‘ae 
( ) 5 Boe 2p2 


At this point the parameter « can be evaluated. From Eq. (7) the mean 
square radius of the «-particle is given by R{=3/20?. Hence from Eq. (9) 


4 rh 
(10) Ve 5 Bi +o: 


With a Gaussian shape for the nucleon distribution o(7/R,) for an «-particle 
the results of the Stanford experiments can be well fit with R, = (1.44+0.07) 
fermi, (*) (1 fermi (f) = 10-** cm). 


(4) R. H. Daxirz: Phys. Rev., 112, 605 (1958). See also reference (*) and M. Leon: 
Phys. Rev., 118, 1604 (1959). R. H. Datirz and L. Liv: Phys. Rev. (to be published) 
have recently shown that the conclusion that the singlet interaction is more attractive 
than the triplet is not so strong as the preceeding references indicate. 

(1?) The pg neutron and the s-state A are coupled to form the state 67_,. How- 
ever, the quantum number m plays no role in this problem. Thus to simplify the 
integrations later on in the calculations the factor |®™,|? which should appear in 


1 
the right-hand term of Eq. (7) was replaced by } > |®3L,1|? which is spherically 
m=-1 
symmetric. This substitution was made throughout the calculation. 
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Equations (2), (6), and (8) now yield 


1.4354\3 1.4354 \2 
(11) Vj —sH (1) ears Us ( mtb! exp | ( b! 7 | ) 
where 
(12) b’ =[b? + (1.373 6)R?]}? . 


The volume integral U,; can be evaluated in a straightforward manner 
to give 


U; <7 (3U, = Cr) ss 3(2U, + U,) 
| = $(20,+ U,), 


(13) 


‘where the parenthesis on the left in the first line contains just the A-« par- 


ticle volume integral while the second term is the volume integral for the 
A interacting with the p,-state neutron (°), with U, and U, being the A-nucleon 
volume integrals for the triplet and singlet states, respectively. The numerical 
values of U, and U, have been calculated by DAtirz and Downs (*°) from 
U, and U, the volume integrals for *He, and *H,. These in turn were de- 
rived from the experimental values for the binding energies of *He, and *H, 
respectively (1%). These values are 


Bure, = (2:9 £0.3)MeV, Bay, = (0.6 + 0-4) MeV, 
(14a) U,=30,+U, =925(-— 22) MeV f?, 


(14d) U, =3U, + 4U, = 667(4 52) MeV f*, 
2 p 


where the error in U, is just that due to the statistical error in B,,,,. Although 
U, is sensitive to the uncertainty in R,, the results of this paper are not. The 
uncertainty in U, is arrived at as described in reference (?). 

With the A in an s state the numerical integration of Eq. (3) yields By sy, 
as a function of f. 


(13) The value of U, given above is for an undistorted «-particle. Although Datirz 
and Downs (3) have calculated that U, is optimum for a 3% radial compression of 
the «-particle, an undistorted «-particle was considered here since it was not known 
how this distortion would affect the «-neutron potential. 
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Eq. (4) is solved by a_ straightforward variation calculation. The wave 
function g,(r’) is chosen so as to yield the same distribution as the term on 
the extreme right of Eq. (7). The neutron-« particle potential, V,_,(7’), is 
taken to be that given by Sack, BIEDENHARN, and Brerr(") for the p, 
neutron on the basis of a best fit to the proton-« particle low energy resonance 
scattering data. 

2p" 


(15) Vest.) es A (1 ain | exp [— r'*/a?] ? 


where the first term is a central potential only and the second is the L-o 
term for a p, state; A — 47.32 MeV, a = 2.30 fermi, and f’= 7.40(h/M,¢)*. 
The variation calculation then yields 


53.166 


16 B,_« > — 64.908" 5 ’ 
Oe en peal 


where £* =[M,/(M,+ M,)]6,. the mass factor arising from the choice of the 


neutron being in a p state with respect to the ‘He center of mass. Hq. (16) 


is the desired relation between B,_, and fp. - 


3. — Results. 


Addition of the two curves By, s,,(6) given by the results of the numerical 
integration of Eq. (3), and B,_,(8), given by Eq. (16), and maximization of 
the sum with respect to the variation parameter f yields (*) 


(17) B > (2.00 + 0.60) MeV for f- = (1.50 + 0.02) f, 


where the upper and lower bounds here correspond to the upper and lower 


bounds, respectively, for U, and U, in Hq. (14). Since the limits on U, are 


based upon Bs, = (2-90 + 0.3) MeV, it follows from Eq. (17) that B= B— 


(#4) S. Sack, L. C. BreDERNHARN and G. Breit: Phys. Rev., 98, 321 (1954). 
(*) Note added in proof. - If in contrast to what was assumed, the A-nucleon 
interaction is such that U,>U,, U; would be given by U;=U,+(U,/2). This value 


of U; is only 1.5% larger than that used above; too small a change to alter the 


result B< 2.9 MeV. j 


3336 


oe “ie 4 


ON THE EXISTENCE OF THE HYPERNUCLEUS He, : 433 


— Buy, 18 given by (’*) 


(18) B, > (— 0.90 + 0,30) MeV . 

Therefore, since the p, resonance level of *He is 0.95 MeV (18), so far as the 
neutron is concerned, the presence of the A provides (0.05 + 0.30) MeV more 
binding than the «-particle alone would provide. On the basis ofa simple 
model (square well plus rectangular barrier) and the most probable value of B, 
the mean lifetime of ‘He, (assuming it was somehow formed in the first place) 
before decay into *He,-+neutron was estimated to be less than 107" s, far 
too short to be observed. 

One defect of the above calculation is its sensitivity to the parameters in 
the «-neutron potential. For example, a change of only 6.2% in the depth 
parameter A would make the most probable value of B just equal te B,,,,. 
This is not too serious a fault however, since on the basis of a square well 
model a 6% change in the depth would lower the p, resonance level to less 


- than 0.6 MeV. This is in marked disagreement with the observed value of 


0.95 MeV (2°). 

A greater defect is the lack of direct A-neutron and A-« particle correlations 
in the trial wave function. Only indirect correlations appear in the trial 
function through the dependence of the distance between the A and the °He 
center of mass on the A-« and A-neutron interparticle distances. This is ana- 
logous to Dalitz and Downs’ treatment of *He, with the odd neutron-« particle 
binding energy here being the counterpart of the x-particle compression energy 
used in their work. Thus the present work yields the ‘He, binding energy 
in comparison to that of *He, only to the accuracy of the value for the volume 
integral U, as derived in reference (3). It is hoped that the treatment of "He, 
given here has the same order of accuracy as the treatment of *He, to which 
it is compared. 

Within the limitations of the calculation described above, it is concluded 
that the binding energy of *He, is positive but not large enough to prevent 


(15) A 3-body approach in which *He, was considered as «+A-+n was also tried. 
In this case a variation calculation was performed using V,_, and V,_, as given above 
with V,_, taken from reference (?). Because wave functions involving direct corre- 
lations between the A and the neutron proved not amenable to analytic treatment, 
the wave function used for the variation calculation was 


y = OF (1+ af?) (Br,)2 exp [— $6?ra] exp [— 47°], 


where r, and ra were the «-n and «-A interparticle distances and «, B, y were the 
variation parameters. This calculation gave B, >—1.95 MeV. Hence the 2-body cal- 


~ culation was much the preferred one. 


(6) F. AgzenperG and T. Lauritsen: Rev. Mod. Phys., 27, 77 (1955). 
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its immediate decay (assuming it was somehow formed in the first place) into 
He A+ @ neutron. Since the binding energy of *Li, should have a value less 
by ~ 1 MeV (’) than that of *He,, an analogous statement can be made for 
‘Li,. If the estimate of the goodness ot the trial wave function is correct 
it is expected that neither member of the *He,-*Ii, isospin doublet should 
be experimentally observed. 


We wish to thank Dr. B. W. Downs for suggesting this problem and for 
many enlightening discussions throughout the work. 


RIASSUNTO (’) 


Sono stati osservati ipernuclei per tutti i 2< A<9 ad eccezione di A=6. I] non 
aver osservato ne He, ne ®Li, implica che le energie di legame di questi ipernuclei 
sono negative o positive-ma minori di quella del 'He,, cosicché se quegli ipernuclei 
si formano decadono immediatamente in 'He,+nucleone, oppure sono maggiori di 
quella del "He, nel qual caso ci si aspetterebbe di poterli osservare. Si analizza Viper- 
nucleo *He, per determinare in quale di queste tre regioni giaccia la sua energia di 
legame. Tale analisi é condotta nell’ipotesi che il ‘He, sia un sistema legato A-+(neu- 
trone+«). Un ecalcolo variazionale usufruendo di potenziali fenomenologici fornisce un 
limite inferiore di (2 + 0.60) MeV per l’energia di legame totale del °He,. Cid indica 
che sia il He, che il Li, sono instabili rispetto al decadimento in *He, +nucleone 
e quindi non ci si pud attendere di osservarli. 


(*) Traduzione a cura della Redazione. 
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Adiabatic Passages in Nuclear Magnetic Resonance 
with the Rotating Co-ordinate Method. 


G. BonERA and L. GIULOTTO— 


Istituto di Fisica del? Universita - Pavia 


(ricevuto il 10 Luglio 1959) 


Summary. — The cases of adiabatic passages in nuclear magnetic reso- 
nance are studied with the rotating coordinate method. The expressions 
for the corresponding nuclear signals, already found by Bloch, are rede- 
rived by this method. In addition a simple geometrical model, which 
describes the movement of the nuclear magnetization during a slow 
passage, is derived. 


§. — Introduction. 


It is known that by using the rotating co-ordinate system introduced by 
RABI, RAMSEY and SCHWINGER (!) it is possible to solve more easily some 
problems of nuclear magnetic resonance; indeed the movement of the nuclear 
magnetization is in general more simple with respect to this co-ordinate system 
than with respect to the laboratory system. 

Nevertheless only some particular cases, where the oscillating magnetic 
field effect and the relaxation effect can be considered separately, have been 
treated by means of the rotating co-ordinate method. 

Cases of this type are that of rapid adiabatic passages (**°) and that of 
spin echoes (*°). 


I. I. Rasy, N. F. Ramsey‘and J. ScHwincerR: Rev. Mod. Phys., 26, 167 (1954). 


(=) 

(2) L. Grutorro: Rend. Semin. Mat. Fis. Milano, 24, 41 (1953). 
(3) J. G. Powigs: Proc. Phys. Soc., 71, 497 (1958). 

(4) E. L. Hawn: Phys. Rev., 80, 580 (1950). 

(®) H. Y. Carr and E. M. Purcery: Phys. Rev., 94, 630 (1954). 
(°) 


S. MerBoom and D. Git: Rev. Sci. Instr., 29, 688 (1958). 


3339. 


en 


436 G. BONERA and L. GIULOTTO 


In this work we will show that it is possible to apply the rotating co-ordinate 
method in order to treat easily also the cases where the oscillating magnetic 
field effect and the relaxation effect are to be considered simultaneously. More 
precisely we will reconsider the cases analyzed by BLOCH in his first paper on 
nuclear induction (7), and we will show that they are in general resolvable in 
a simple manner by using rotating co-ordinates without starting from his 
famous equations which are related to the laboratory system. 

This manner of treating the problem presents the advantage of giving a 
modellistic picture of the behavior of the nuclear magnetization during an 
adiabatic passage through resonance. 


2. — Tne slow adiabatic passage with the rotating coordinate method. 


Let us consider an assembly of identical atomic nuclei having gyromagnetic 
ratio y, and let us submit them to a constant magnetic field H, directed along 
the ¢ axis, and to a small magnetic field H, rotating in the wy plane with 
angular speed w in the same sense of the Larmor 
precession. 

Let us refer to the rotating system, that is to a 
system of cartesian axes a’, y’, 2’ (2°=2z) rotating 
with the same angular speed as the rotating field H,. 
With respect to this reference system the field H, has 
a fixed direction, perpendicular to 2’; we take this 
direction as the «’ axis. 

If the relaxation phenomena are negligible and if 
H, and w are not varying, simple kinematic conside- 
rations, which can be justified from a quantum mecha- 
nical point of view, show that the movement of the 
nuclear magnetization M relative to the rotating 
co-ordinates is the same as we would obtain if 
there existed only a steady effective magnetic field 


Fig. 1. — The effective (see Fig. 1): 
magnetic field in the ro- 
tating co-ordinate system. (1) A, = H+ H+ oly , 


H,,, forms therefore with the 2’ axis an angle 6 given by: 


vA, 
AO” 


(2) tg0= 
being Aw = yH,—o. 


(7) ¥. Brocu: Phys. Rev,, 70, 470 (1946). 
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The modulus of H,, is: 
ry 2 274 
(3) Fa, = (A+ (Aw/y)"F . 


In the aforesaid hypothesis the nuclear magnetization M precesses, with 
respect to the rotating co-ordinates, around H,,, with the angular speed 


(4) Or = YH = [(yH,)’ a Aw}? ° 


If we now also consider the relaxation effect, the precessional motion of M 
around H,, should be perturbed until an equilibrium situation is reached 
characterized by the condition that during a small interval of time dt a small 
rotation of M around H,,, is compensated by a stall variation in the opposite 
sense due to the relaxation effect. Thus in the steady state one would have 
in the rotating co-ordinate reference: 


aM dM dM 
5 ae a —— 
(5) dt ( dt i ‘ ( dt ee 2 , 


where (dM/dt),,, and (dM/dt),..,. represent respectively the variation speeds 
of the vector M due to the precession around H,, and due to the relaxation. 

Resolving this equation we should find the equilibrium value of the mag- 
netization. 

The adiabatic case of slow passage considered by BLoci is then easily 
obtained as a succession of equilibrium values. 

The vector equation (5) gives the three scalar equations: 


(" M “| M, 
= jae == ig 
rot 


dt YE 
dM, M,, 
©) ( di ), fase 
av,.\ | M—M. 
dt rot Ly : 


being M, the equilibrium value of the magnetization in absence of the ro- 
tating field, 7, and T, respectively the longitudinal and the transversal re- 
laxation time. 

In order to find the expressions of (dM,,/dt),.., (dM,,/dt),., and (d.M,./dt) .ot 


we consider a vector M of constant modulus M which’ precesses around H,,, 


with angular speed w,. Let us indicate with « the angle formed by M with 
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H,,,; with o,t the angle that the plane determined by H,, and by M forms 
with the «’z’ plane; with f the angle that M forms with 2’ and with the angle 
that the plane Mz’ forms with the plane «’z’ (see Fig. 2). | 

Using some relations of spherical trigonometry, the components of M rela- 
tive to the axes are then given by: 


M, = M sinB cos g = M[cos « sin 6 — cos 6 sin « cos w,t] , 
(7) M, = M sing sin gy = M sine sina,t , 


M, = M cos$ = M[cos 6 cos «+ sin 6 sin x cos w,t] . 


From these equations we obtain: 


dM, : : 
= ow, M cos 6 sin & sin ,4 , 
dt rot 
aM, 
(8) | ‘| = ow, M sin « cos m,t , 
dt rot 7 


dM, e . . 
Gea = -— ©, M sine sin @ sin w,t . 
\ ‘a rot 


Substituting in (6) the values of M,, M,, — 

M, and of (dM,,/dt),,,, (dM,,/dt),,, and 

Fig. 2. — The nuclear magnetiza- (ens given by ue aoe (8) and indica- 

tion M in the rotating co-ordi- ting with 2 the equilibrium value of w,t we 
nate system. obtain immediately: 


(9a) tgQ=T,[(yH,)+ Ao*}, 
(9b) tga =tgécosQ, 


cos Q 


(9¢) ae [(7,/T.) sin ?.Q + cos? Q| sin « sin + cos « cos 4 cos Q” 


When the value of H,,, is known, equations (9) yield the three quantities M, 
«, Q which characterize the equilibrium value of M. 

In order to obtain the equations of slow adiabatic passage, it is then suffi- 
cient to vary Aw from great positive values to great negative values. 

If we want now to obtain from (9) the equations describing the signals 
for slow adiabatic passage, it is enough to observe that the components of M 
in phase and out of phase with respect to the field H, are respectively M,, 
and M,,. From (7) and (9) and from (2) we obtain for the in phase signal uw 
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and for the out of phase signal v the following expressions: 
(10a) u = My = M{cos « sin 9-— cos 6 sin « cos Q] = 


i, pe yH,T; Aw 


vH,T 
1 (7, Aa)? + (yH,)?7,T, : 


(10b) v= M, = MsinasinQ = My 


which are coincident with those found by Bloch. 


3. — Geometrical picture of the nuclear magnetization motion. 


It is now interesting to study the motion of the nuclear magnetization 
during a slow passage by using equations (9). 

From (9b) it appears immediately (*) that the spherical triangle PQR 
(see Fig. 2) determined by M, H,, and the ¢’ axis is right-angled at P. 

Multiplying numerator and denominator of (9¢) by cos 6/cos « cos Q and 
using (9a) and (9b) we have: 


cos O/cos « 


(11) seh pen [(7,/T.) sin? 2 + cos? Q] sin? 6 + cos? 6° 


Since the spherical triangle is right-angled we also have 


cos 8 
12 os B = 
ee) oes cos a’ 
(12D) sin B = siné sinQ. 
Equation (11) thus becomes: 
cos Bp 


at aa (7',/T,) sin? B + cos? B ° 


Since f is the angle formed by M with the 2’ axis, (13) is the equation in 
polar co-ordinates of a rotational ellipsoid. This ellipsoid is tangent to the 
a'y' plane at the origin, and is obtained by rotating around the z’ axis an ellipse 


(*) It is rather evident also from a physical point of view that the spherical triangle 


r. _PQR should be right-angled at P. In fact only in this case a small variation of M due 
to a precession around H,;, can be opposite to a small variation due to relaxation effects. 
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whose major semiaxis, directed along 2’, is M,/2 and whose minor semiaxis 


is (T,/T,)*M,/2 (see Fig. 3). 


Equation (13) shows that the extremity of the vector M, which represents 


a 


A 


MM 


Fig. 3. — Equilibrium ellipsoid inter- 
section with the y’z’ plane. 


the nuclear magnetization, always remains 
on this ellipsoid during a slow passage. 
We call therefore this ellipsoid the « equi- 
librium ellipsoid ». 

In the case that T,=T7, the equili- 
brium ellipsoid becomes a sphere of dia- 
meter M, (see Fig. 4). 

Let us consider now a particular slow 
passage, one in which the following con- 
ditions are satisfied: 


faa Bes eos and vy Tis 


From (9a) we have then Q= 2/2 and 
from (9b) ~=0. In such a case during 
a Slow passage the nuclear magnetization 
is always directed along H,,,; it remains 
therefore always in the #’z’ plane and it 


thus describes during the passage the ellipse given by intersection of the equi- 


librium ellipsoid with the z#’z’ plane. 


the circle ¢ of Fig. 4. 


In the case 7, = T, this ellipse becomes 


In order to find the curve that the nuclear magnetization describes on the 


ellipscid in the general case of 
slow passage let us find the posi- 
tion of M in resonance. 


In resonance we have H,,,=M,, 


§=2/2. From (9b) one obtains 


Fig. 4. — In the case 7,=T, the equi- 
librium ellipsoid becomes the sphere 
shown in the figure. The circles a and 
b represent two possible paths for the 
nuclear magnetization during a slow 
passage through resonance; the circle 
¢ is the path described by the nuclear 
magnetization for H, > 1/yT,. During 
a rapid adiabatic passage the nuclear 
magnetization goes out of the equili- 
brium sphere and reverses itself descri- 
bing the semicircle d. 
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«=2/2. This means that M lies in the y'z' plane. If we label M* the equilibrium 
value of the nuclear magnetization in resonance we have from (9c): 


cos Q* 
(7,/T,) sin? Q* + cos? Q*’ 


(14) M* = M, 


where Q* ig the value assumed by the angle 2 in resonance. From (126) it 
results that Q* is the angle that M forms with the 2’ axis in resonance. From 
(9a) we have: 


(15) te Q* = yH,T,. 


The direction and the modulus of M in resonance thus depend on the experi- 
mental conditions. 

By passing from small to large values of yH,T, the angle 2* varies from 
0 to w/2 and the extremity P* of M* describes in the y'2’ plane just half of the 
ellipse which is the intersection of this plane with the equilibrium ellipsoid 
(see Fig. 3). In the case 7,= 7, this ellipse becomes the circle r uf Fig. 4. 

Let us consider the ellipse we obtain by the intersection of the equilibrium 
ellipsoid with a plane passing through P,P* and perpendicular to the plane 
of the Fig. 3. During a slow passage the nuclear magnetization describes this 
ellipse. This is easily seen in the case T,=—7,. Let us consider indeed the 
position of the vector M at an arbitrary moment during a slow passage. 
The extremity P of M should have then the co-ordinates M sin f cos 9, 
M sinf sing, M cosf. With a simple ealeulation from (12a) and (12h) one 
finds: 


2 2 2 
P,P + PP* =P*P,. 


This means that during a slow passage the nuclear magnetization describes 
on the equilibrium sphere a circle of diameter P*P,. The circles a and 6 of 
Fig. 4 represent two possible paths of the magnetization during a slow pas- 
sage in the case 7,—T,. 

With a little more complicated calculation one can show that in the general 
case 7, T, the nuclear magnetization describes on the equilibrium ellipsoid 
an ellipse of major axis P,P*. 

The equilibrium ellipsoid model makes evident some conclusions already 
found in the first work of Biocu or easily deducible from it; namely: 


1) The symmetry of the dispersion and absorption signals. 


2) For very small values of H, the amplitudes of the absorption signal 
is twice that of the disperstion signal. 


3) For very large values of H, one has only the dispersion signal. 
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4) The maximum amplitude of the absorption signal which one can 
obtain for an appropriate value of H, is equal to the maximum amplitude of 
the dispersion signal that one obtains for very high values of H, 
(To/T,)*- My/2). 


(Unax max 


= 


me 
‘max max 


In Fig. 4 is also shown the path of the nuclear magnetization during a rapid 
adiabatic passage. 

As is known, during such a passage the magnetization completely reverses 
itself, maintaining its modulus unchanged. 

Fig. 4 gives therefore a geometrical picture of the cases of the adiabatic 
passages in nuclear magnetic resonance relative to the rotating frame of 
reference. 


The authors wish to express their gratefulness to the Office, Chief of Re- 
search and Development, U.S. Department of Army, who has sponsored in 
part this work through its European Office. 


RIASSUNTO 


I casi dei passaggi adiabatici nella risonanza magnetica nucleare vengono studiati 
col metodo delle coordinate rotanti. Si trovano cosi facilmente le espressioni dei corri- 
spondenti segnali nucleari gia trovate da Bloch. Inoltre si ricava un semplice modello 
geometrico che descrive il moto della magnetizzazione nucleare durante un passaggio 
lento. 
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(La responsabilita scientifica degli scritti inseriti in questa rubrica & completamente lasciata 
dalla Direzione del periodico ai singoli. autori) 


Remarks on the Covariant Hamiltonian Formalism for Vectorial Fields. 


R. 8. Liorra 


Istituto di Fisica dell” Universita - Roma 
Istituto Nazionale di Fisica Nucleare - Sezione di Roma 


(ricevuto il 20 Luglio 1959) 


In three preceeding papers (1) we have developed a covariant hamiltonian for- 
malism for neutral and charged scalar fields, for spinor fields, and for the electro- 
magnetic field based on the lagrangian 


oA p OAy 


1 
2 Oly C8, 


L= 


We want now, for the sake of completeness, to apply this formalism to the vectorial 
meson field and to the electromagnetic field based on the lagrangian 


| Lfod, 2 od \t <tifoA,\ 
| L= 
4\0r, Oxy 2\ du, 


It is worth noting that the covariant hamiltonian formalism, which we have 
developed, is strongly connected to the possibility of reducing the system of equa- 
tions of motion to the normal form. 

On the basis of this remark, it is not essential that the invariant hamiltonian 
function H be the spur of the canonical tensor, as will be shown below. It must 
only be such an invariant as to give the equations of motion, of the dynamical 
system reduced to the normal form, as Hamilton’s equations. 


(@) R. S. Liorra: Nuovo Cimento, 3, 438 (1956) (in the following referred to as I); Nuovo 
Cimento, 8,798 (1958) (referred to as II); Nuovo Cimento, 18, 921 (1959); see references in the 
above mentioned papers. 
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1. — Charged vectorial meson field. 


Consider the lagrangian (?) 


1 (egy dy,\ (0p, ou 
(1) L= Al 2 — —*) (| —-—*| — Wee - 
2\O%y, Oty} \OLy, Oy 


From (I, 3), we get for the canonical conjugate momenta to the lagrangian 
variables y, and gj, 


* * 
(2) en OPy — OP on mak OPy OP u ; 
sg On, 6a, yr i 00, Oy 


From these relations it can be seen that one cannot deduce the 0y,/e7, by means 
of the y,,: hence one cannot define the spur of the canonical tensor as a function 
of this type 


H= A (py; Pps Puy Cur) ’ 


(that is to say, the system cannot be reduced to a normal form). Accordingly 
one cannot develop the covariant hamiltonian formalism by means of this procedure. 
We can however still put the system of equations of motion in a normal form, 
by letting the scheme remain covariant. — 
The equations of motion are given by 


i) Diy» — Hg = 0, 
) and ¢.¢c. , 
(4) RE ie 
Oxy 
When the antisymmetrical tensors 
Op, oy 
(5) huv = = ; f= =e and ¢.¢c. > 
OX, Oy 


are introduced, the equations of motion (1), when taking into account the Lorentz 
condition (2), are written 


of 
6 w= 
(6) an, Pu » 
d. cox. 
: Bp Gy an Cc 
Ox, Oa Jr 
If one introduces the invariant 
(8) H=— Put Fy Try » 


() G. WENTZEL: Quantum Theory of Fields (1953). 
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with 
‘ O~ Ogi, 
(9) mt —— neha cj a | lsd 
a,b Ot, 
one has: 
(10) fuo= Nyy — Ey » and. ¢.c., 


and therefore, taking into account (2), also 


F) Ory» 
(11) ee soideatele 
OLy OLy 
The equations (6) and (7) can be written 
(12) Oy oH 
je Og 
2 aH and ¢.c., 
(13) = Se eee ee 
Oty ON wy 


where the hamiltonian H is given by (6), and the Lorentz condition is introduced 
separately. 

The equations (10) and (11) are the equations of motion for the vectorial field, 
in a covariant hamiltonian form such that the lagrangian variables Pi> Gp, have as 
conjugate momenta 7, and Toys respectively. 

In this case there exists a Jacobi equation, so that one can make the trans- 
formation into the Tomonaga-Schwinger equation following the procedure indi- 
eated in I and II. 

It is worth noting that according to the definitions (9), we get from (1) 


(14) 4D; = — 2 (i, — 21%,) (yy — Myw) — 4 Do Py» 
and 

(15) T 4, = cea PG 2a 

\ He W Oo, uy Oat 9 


2. — Vectorial meson field in presence of a given electromagnetic field. 


It is known that one can deduce from the equations of the free vectorial field 
the equations for the meson field in the external electromagnetic fields by substi- 
tuting in the lagrangian (1) 


OP un 0 : 
(16) ee ant Pu = OvPu > 
v . 
ag* io 
(17) Pole (= +iea,) n= Ou 
v ‘y 
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In this case the equations of motion are 
(18) Ouluy= LQ» and ¢.¢c., 
where f,,, is an antisymmetrical tensor defined by 


(19) ta = OuPy = OyPu : 


If by using the lagrangian (1), and by making the substitutions (16), (17), one 
intends to arrive at an hamiltonian formulation according to the method indicated 
in I, one finds the same difficulties as pointed out in Sect. 1 of the present paper- 

On the contrary, if one follows the procedure in which an invariant is found 
such that Hamilton’s equations are the equations of motion, one has to follow the 
same procedure as for the free field case. Putting 


(20) BP eg Oa Pu = Piy, 

one has 

(21) hie loa Las and ¢.¢c. , 

and moreover 

(22) Me OP Po aon — OF iy and ¢.c. . 
Sinee 

(23) [0,2,)-= ieFyy, 


where F’,, is the electromagnetic tensor, one has definitively for the equations 
of motion: 


1e 
(24) oy lage. aa Py 4 ie Fw Py fe ae Ou Fow tan) ? | 

2m t and ©¢.c. « 
(25) O,Pu = Py ? | 


From (21), the last term of (24) contains the gradient 


a) 


26 
(26) = 


(Pro — Pay) 2 


so that, the system (24), (25) cannot be reduced to a normal form. Hence: one 
cannot develop a covariant hamiltonian formalism even by this way. 

However, we do not go deep into this problem since we are interested only in 
that part which was developed for the considerations concerning the electro- 
magnetic field. 
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8. — Electromagnetic field. 


From the lagrangian 


. aA 

w (27) eee ee 
' OF y 
5 we get, according to (I, 3) 

Bt hey | 

; so Py Sa 
Oar title te | (ere a ere 
2 Ory 

| 

q the meson vectorial field of Sect. 1. 
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and thus it is impossible to solve (28) with respect to 0A pf Oy, * as for the case of 


_ We can, on the contrary, do so by following the other procedure, inidicated in 
Sect. 1. Thus we get an invariant H such as to give the equations of. motion as 
- Hamilton’s equations. In this case we easily see that we obtain again the formalism 
_ given in I and IJ, and the Lorentz condition must be introduced separately, as in III. 
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Charge Distribution of the Nucleon. 


V. Dr ALraro and E. PREDAZZI 


Istituto di Fisica del’ Universita - Torino 
Istituto Nazionale di Fisica Nucleare - Sezione di Torino 


(ricevuto i1 24 Luglio 1959) 


In the recent years the experimental knowledge of the nucleon form factors 
has been greatly enhanced, by the high energy electron experiments performed 
at STANFORD (?). : 

In comparison to this rather good experimental situation, the theoretical one 
is still quite obscure in spite of the most recent theoretical approaches by means 
of the dispersive techniques. Indeed FrpERBUSH, GOLDBERGER and TREIMAN (?), 
and CHEW, KARPLUS, GASIOROWICZ and ZACHARIASEN (®) in this way obtained 
results not completely satisfying for the understanding of the electromagnetic struc- 
ture of the nucleon. * 

Recently a threshold theorem has been derived (4) which connects (in the case 
of no pion-pion interaction) the behaviour of the spectral functions of charge and 
magnetic moment form factors at the threshold with the behaviour for large r of 
charge and magnetic moment densities (respectively g(r) and y(r)) in the configu- 
ration space. In this way a necessary condition was deduced for the behaviour 
of o(r) and p(r), in order to give a theoretical basis to the phenomenological models 
which have been used to describe the nucleon structure (°). In fact in I it has 
been shown that the isovector part of o(r) asymptotically behaves as: 


0, exp [— 2yr] 
(1) ae ee es 
260 we is 


> 


where mw is the z-meson mass. 


(*) R. HorsraptTser, F. BUMILLER and M. R. YEARIAN: Rev. Mod. Phys., 30, 482 (1958). 
(*?) P. FEpDERBUSH, M. L. GoLDBERGER and S. B. TREIMAN: Phys. Rev., 112, 642 (1958). 
(®) G. F. Comw, R. Karprus, 8. GAstiorowi1cz and F. ZACHARIASEN: Phys. Rev., 110, 265 (1958). 
(4) B. Bosco and V. DE ALFARO: Nuovo Cimento, 18, 154 (1959), hereafter referred to as I. 
(5) R. HorstapTEeR: Nuovo Cimento, 12, 63 (1959); L. Scuirr: Rev. Mod. Phys., 30, 462 (1958). 
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CO, is connected to the pion-nucleon charge exchange scattering amplitudes by (°): 


é 


Soa te Bella th) + A; (0, — 42). 


(2) Cy 


Here A,(v, A?) and B,(y, A?) are defined as in CHEW, Low, GOLDBERGER and NAMBU ("). 
From this it appears that it is possible to connect quantities related to the nucleon 
structure with the pion nucleon charge exchange scattering amplitudes for non 
physical values of the parameters, and so obtain a check of the hypothesis under 
which the asymptotical behaviour is derived. 

Therefore our aim has been to see whether the experimental data about the 
charge distribution in the nucleon can be fitted with such an asymptotical behaviour 
of o(r) in analogy with what has been done recently (5) and to compare the value 
of CO, obtained in this way with that derived by continuation of A,(y, 4?) and 
B,(v, A2) in the point »=0 and A? = — 4p’. 

In order to describe both the proton and the neutron we need besides the 
behaviour of the vector part of g(r), also the behaviour of the isoscalar charge 
distribution o,(r) for large r. We have derived under suitable conditions of regu- 
larity for the amplitudes «, B, H* (*), the power law according to which the scalar 
charge spectral function vanishes when the dispersion variable goes to (3u)?. In an 
analogous way to I one then obtains: 


O, exp [— 3u7] 
(3) Gl eee 


nae 2 7 


A similar result holds also for ,(r) which we don’t consider here. We have used 
the following density distributions: 


03(7) = Oost » V=<—T=a4, 
(4) O, exp [— 3u7] 
OM) Sc, a , r>a, 
0 r 
2,(7) = Oot? » O0<r<a, 


-) C, exp [— 2ur] 
0, (7) = ) r>ad. 


Winia 


The density distributions given in eqs. (4), (4’), have been chosen so as to fulfil the 
asymptotical behaviour as deduced from the field theory, joining them to a constant 
- density core of radius a. In this way we have only one arbitrary parameter, the 
radius of the core. The two constants 0, and O, are determined by imposing that 
both the scalar and the vector total charge should be e/2. 


(*) In the right hand side of this formula a factor 4 is missing in I. 
(*) G. F. Caew, M. L. Gorppercer, F. B. Low and Y. Nasu: Phys. Rev., 106, 1337 (1957). 


(8) See (?); p. 655. 


29 - Il Nuovo Cimento. 
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The choice of the form for the core is of no practical significance since for the 
experimentally known range of momentum transfers almost everything is governed 
by the asymptotical tail of g(r). 

The previously mentioned distributions correspond to the form factors: 


42 0 — 3yua] si a 1 
ee ‘ {2 [— 3a] sin ga — qa cos ga 4 bm (exp [22 a4 4) 4 BB ayh 
pega (qa)? 6 
An, cp [2 sin qga—qacosqa 2 
aes {= [= 2h) S10 8 St See Tea ekp (5 feo eee s} 
qar/ pa (qa)? 3 


where q is the usual four momentum transfer, and 1 = 3ua —igqa, & = 2ua —iqa. 
Hi(— i) is the exponential integral for complex argument, and I(4, €) is the incom- 
plete Euler function of order 4 for complex argument. 

The best fit for the proton form factor is for a=0.6 fermi. The values of F2 
and F’, are given in Figs. 1 and 2. The corresponding charge distributions are shown 
in Figs. 3 and 4. 


F,(q?) in units e/2 


SN ier 
qe! warts 1072emer- 


Fig. 1. 


The mean square radius <r? for the proton is <72)=0.76 (fermi)? which is a 
somewhat high value in comparison to the present experimental data. The neutron 
mean square radius is zero. As one can see, the fit of F2 is quite good. On the 


F,(q?) in units e/2 


Tae eer 6 Vem paNeay oe 
gin units 10cm 


Fig. 2. 


contrary the neutron form factor comes out to be wrong even in sign. The expe- 
riments about the neutron show in fact that the neutron form factor is negative, 
and has to be very small (73> is practically zero). With no reasonable value of 
the core radius a is possible to obtain a good picture of the neutron. 
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The value obtained for 0, in this way is O,=.070 in units e. In order to 
compare this value with the theoretical one obtained from (2), we have used for 
A,(v, A?) and B,(v, A?) their values given by the dispersion relations retaining only 
the inhomogeneous term. So obviously A,(0, — 4u?)=0, and B,(0, — 42)= 29?/u?. 


‘S) 


0, i units e/10'%cm 


r 
oO 
ol 


Cf COTS Cie ash 16 18 20 22 24 
r in units 10 cm 


Fig. 3. 


In this way we obtain for the theoretical C, the value 0.63. We calculated also 
the 3, 3 resonance contribution to the dispersive integrals. The Born approximation 
is then not substantially modified. In fact the 3, 3 contributions to A,(0, — 4u*) 
and B,(0, — 4u2) are of the same order of magnitude (small with respect te the 
Born approximation) and of the opposite sign. 


05 
04 
03 


4nr%e, in units e/10-** cm 


; 13 
fata cits 1OmGm 
Fig. 4. 


Even if this is an approximate result, the agreement with the previously obtained 
C, is bad. We conclude that the picture of the nucleon given by the distributions 
(4) and (4’) is not completely satisfying. 

In spite of the good fit for the proton form factor, the neutron form factor 
seems to be not correct. The neutron mean square radius, as expected, is zero, 
but the proton mean square radius is slightly high. From these considerations and 
the disagreement about OC, we believe that either the threshold limit is not repre- 
sentative of the low intermediate mass states in the spectral function (due to the 
anomalous behaviour of this function at the threshold), or that something as two 
pion interaction plays a rather important role in the nucleon structure. 


* OK OK 


We are greatly indebted to Professors 8. Fusrnt and B. Bosco for their kind 
interest and for many helpful discussions. 
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16 Ottobre 1959 


Annealing of Electron Irradiated Germanium. 


G. ArroLp1, Z. FunRMAN and E. GERMAGNOLI (*) 


Laboratori C.I.S.E. - Milano 


(ricevuto il 5 Settembre 1959) 


The annealing kinetics of isolated 
Frenkel defects produced by electron 
irradiation in germanium has been shown 
to be complex (1): this fact has been 
interpreted by taking into account both 
preferential recombination of close inter- 
stitial-vacancy pairs and the recombina- 
tion controlled by thermally induced dif- 
fusion of mobile defects (?). Some further 
evidence that this picture is consistent 
with experimental results is presented. 

n-type germanium single crystals, 
whose initial resistivities ranged between 
0.01 and 1Qcm, were uniformly irra- 
diated with 1.3 MeV electrons from a 
Van de Graaff accelerator. Irradiations 
were performed at room temperature 
and the total integrated flux was about 
1016 electronsem-?. The changes of 
carrier concentration during isothermal 
annealings were deduced from conduc- 
tivity and Hall effect measurements and 
assumed to be proportional to the actual 
concentration of defects, which is rea- 
sonable, because during the whole irra- 
diation the conductivity of specimens 


(*) Laboratori C.I.S.E. 
Fisica del Politecnico, Milan. 
(?) W. L. Brown, R. C. FLETCHER and 
K. A. WRIGHT: Phys. Rev., 92, 591 (1953). _ 
(@) T.R. Wart: Phys. Rev., 107, 471 (1957). 


and Istituto di 


depended linearly upon the total flux. 

The density of dislocation lines within 
the specimens being about 5-104 em= (8), 
the equations given by Waits (?) should 
hold. In the fast initial recovery, the 
percentage of residual defects n/n) 1s 
linearly dependent on ¢3, as predicted 
by Waite; the percentage of radiation- 
induced Frenkel pairs disappearing in 
this early stage ranges between 15% 
and 40% in the investigated interval 
of temperature ((190+270) °C). This is 
probably correlated with a preferential 
recombination mechanism. 

After long annealing intervals, bimo- 
lecular recombination, controlled by ther- 


mally induced diffusion, is expected (?): 
dn ae 
ae = — £7rp UN , 


ry being the capture radius defined by 
Waite and D the diffusion coefficient of 
defects. Linear dependence of )/n —1 
on annealing time is deduced: this fact 
is apparent from Fig. 1 where the initial 
annealing stage is not shown. From the 
slopes of the straight lines in Fig. 1, 


() S. GRANATA and G. SCHIAVINI: Energia 
Nucleare, 6, 267 (1959). 
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Dis ~10 exp [—1.4 eV/kT] cm? s“, if 7, 
is assumed equal to 5-10-§ cm. 


the related hypotheses, namely the 
distribution function of initial interstitial- 
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Fig. 1. — Evidence for second order recombination of defects for long annealing intervals. 


Nearly the same value of the migra- 
tion energy is deduced from an analysis 
of the initial annealing stage in terms 
of direct recombination: in this case a 
much smaller D is deduced. It must 
be pointed out, however, that in this 
case D depends critically on the chosen 
values for the parameters involved in 
the equation given by Waite and on 
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vacancy distances and the use of Fick’s 
law. 
* KOK 

The help by Soc. Pirelli, whose Van 
de Graaff accelerator was used, is grate- 
fully acknowledged. Thanks are also due 
to Eng. G. Trocu, of the same firm, for 
his kind assistance during the irradia- 
tions. 
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On Positron Lifetime in Anthracene. 


C. Corrint, G. Fasri, E. Garr (*) and E. GrermMacGnoti (*) 


Laboratori C.I.S.H. - Milano 


(ricevuto il 5 Settembre 1959) 


The dependence of two-photon anni- 
hilation lifetime of positrons upon tem- 
perature and state of aggregation has 
been studied in anthracene. About 
60 uC of high specific activity ??NaCl 
were deposited directly into two small 
anthracene single crystals, so that the 
positron source was sandwiched between 
the two crystals. The positron decay 
times were measured in the range of 
temperature between — 200 and + 295 °C. 
Near the melting point of anthracene 
(217 °C) the temperature was stabilized 
within +0.1°C by means of a boiling 
naphthalene bath with a carefully con- 
trolled argon pressure above it. 

The delay spectra of annihilation 
y-rays with respect to 1.28 MeV y-rays 
from 22Na were studied by means of 
two plastic scintillators optically coupled 
with RCA 6342 phototubes. Pulses were 
fed into a vernier time-sorter (1) working 


(*) Laboratori C.1.S.—. and Istituto di 
Fisica del Politecnico, Milan. 

() C. Corrrnr and E. Gatti: Nuovo Ci- 
mento, 4, 1550 (1956); C. Cortrni and E. GATTI: 
Rev. Nucl. Instr., 2, 88 (1958); C. Corrrni. E. 
GATTI and F. VaGHi: Nanosecond Vernier Time- 
Analyzer (Proc. of Colloque International sur V’élec- 
tronique nucléaire, Paris, Sept. 1958); C. Corrint, 
E. Gatti, V. Svetro and F. Vaaut: Time 
Sorting of Nanosecond Pulses (Proc. of the Second 
Symposium on advances in fast pulse techniques 
for nuclear counting. Lawrence Radiation Labo- 
ratory, Berkeley Cal., February 1959). 


in connection with two slow channels 
for energy discrimination. The overall 
resolving time of the apparatus, defined 
as the full-width at half-height of a 
prompt coincidence curve, was estimated 
to be about 6.5:10-%s, from prompt 
curves obtained with a ®Co y source. 

In solid anthracene positrons showed 
only a short lifetime which is fairly 
independent of temperature and ‘equal 
to (3.7+0.2)-10-%s. A few degrees 
below the melting point a longer life- 


| a- 90°C no long tfefime 


6-215 °C 7=99-10"s 


10) c-218°C t=18 10°s 
d- 260°C 7-2 25°10"s 

© 

2 

oa 

¢ 

< 

3 

Ss) 


3 


eS aes PONS 
0 10 20° 30 40 50 60 70 80 90 100 
Channel number 


Fig. 1. — Typical decay curves of positrons in 
anthracene. 1 channel=1.15-107-%s. Curves 
are normalized to equal number of counts 
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time was observed which sharply in- 
creases with increasing temperature; its 
final value is equal to about 2.3-10-°s 
some degrees above the melting point 
and does not change with further increase 
of temperature. Fig. 1 shows a set of 


measurements with the specimens which 
were single crystals before having been 
melted. A slight increase in lifetime 
was noticed at low temperature with 
polycrystals but the evidence for this 
effect is still not conclusive. 


* short lifetime 
° long lifetime 


Lifetime (s) 


| | 


| Ae anaes 


-100 0 


-100 +200 +300 
T(t) 


Fig. 2. — Positron lifetime and percentage p of positrons annihilating with a long lifetime as 
functions of temperature. 


typical experimental decay curves of 
positrons. Eight of them were taken 
in the range between 211 and 226 eC. 
The percentage of positrons annihilating 
with a long lifetime appears to increase 
from zero to (35--40)% near the melting 
point of anthracene. The results are 
summarized in Fig. 2. 

A few attempts to investigate the 
influence of crystallinity on the positron 
decay were made. Results which were 
almost the same as described above 
were obtained both with polycrystalline 
anthracene and in a second run of 
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The similarity between the present 
results and the ones which have been 
‘described in the case of naphthalene (?) 
is evident with respect to the absolute 
values of both short and long lifetime 
and the behaviour near the melting 
point; however no evidence of a long 
lifetime was found in solid anthracene, 
while it was reported for solid naph- 
thalene (?). 


(2) H. S. LANDES, S. BeRKo and A. J. Zu- 
CHELLI: Phys. Rev., 103, 828 (1956). 
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